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Ultrasecond quantization of a classical version of 
superfluidity in nanotube^ 



Victor P. Maslov 



1. In order to distinguish the classical theory in its modern under- 
standing from the quantum theory, it is necessary to modify (somewhat) 
the ideology habitual to physicists, for whom the classical theory is sim- 
ply the whole body of physics as it existed in the 19th century before the 
appearance of quantum theory. Actually, the correct meaning is that the 
classical theory is the limit of the quantum one as /i ^ 0. 

Thus, Feynman correctly understood that spin is a notion of classical 
mechanics. Indeed, it is obtained via a rigorous passage from quantum 
mechanics to classical mechanics [l]. In a similar same way, the polariza- 
tion of light does not disappear when the frequency is increased, and is 
therefore a property of geometric rather than wave optics, contrary to the 
generally accepted belief, which arose because the polarization of light was 
discovered as the result of the appearance of wave optics. 

Consider a "Lifshits hole" , i.e. a one-dimensional Schrodinger equation 
with potential symmetric with respect to the origin of coordinates with two 
troughs. Its eigenfunctions are symmetric or antisymmetric with respect 
to the origin. As ft. — > this symmetry remains, and since the square 
of the modulus of the eigenfunction corresponds to the probability of the 
particle to remain in the troughs, it follows that in the limit as /i — > 0, i.e., 
in the "classical theory" , for energies less than those required to pass over 
the barrier, the particle is simultaneously located in two troughs, although 
a classical particle cannot pass through the barrier. Nevertheless, this 
simple example shows how the ideology of the "classical theory" must be 
modified. 

To understand this paradox, one must take into consideration the fact 
that the symmetry must be very precise, up to "atomic precision", and 
that stationary state means a state that arises in the limit for "infinitely 
long" time. 

When we deal with nanotubes whose width is characterized by "atomic" 
or "quantum" dimensions, then new unexpected effects occur in the "clas- 
sical" theory. Thus, already in 1958 [2], I discovered a strange effect of the 
standing longitudinal wave type in a slightly bent infinite narrow tube, for 
the case in which its radius is the same everywhere with atomic precision. 



^The work has been supported by the joint RFBR/CNRS grant 05-01-02807 and 
by the RFBR grant 05-01-00824. 
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It was was impossible at the time to implement this effect in practice, which 
would have allowed to obtain a unimode laser, despite A.M.Profchorov's 
great interest in the effect. 

2. Now let us discuss the notion fcnown as "collective oscillations" in 
classical physics and as "quasiparticles" in quantum physics. In classical 
physics, it is described by the Vlasov equation for selfcompatible (or mean) 
fields, in quantum physics, by the Hartrey (or the Hartrey-Fock) equation. 

(1) Variational equations depend on where (i.e., near what solutions of 
the original equation) we consider the variations. For example, in [3]il4|,[5] 
we considered variations near a microcanonical distribution in an ergodic 
construction, while in [7l |8l |9l llOj this was done near a nanocanonical 
distribution concentrated on an invariant manifold of lesser dimension, i.e., 
not on a manifold of constant energy but, for example, on a Lagrangian 
manifold of dimension coinciding with that of the configuration space. 

(2) Let us note the following crucial circumstance. The solution of 
the variational equation for the Vlasov equation does not coincide with 
the classical limit for variational equations for the mean field equations in 
quantum theory. 

Consider the mean field equation in the form 

Wt{x) = U{x) + J V{x,y)\ip\y)\^dy, 

with the initial condition (p\t=o = fo, where (po belongs to W^(R'^) and 
satisfies / da:|(/Jo(a;)P = 1. 

In order to obtain asymptotics of the complex germ type [llj one must 
write out the system consisting of the Hartrey equation and its dual, then 
consider the corresponding variational equation, and, finally, replace the 
variations Sip and Sip* by the independent functions F and G. For the 
functions F and G, we obtain the following system of equations: 

. dF\x) _ f ( S^H , S^H t 

' dt -J ''yWix)Sipiyf ^y>^sp*ix)5Myr^^' 

dt J \Sp{x)Stp{y) Sp{x)S*p{y) 

The classical equations are obtained from the quantum ones, roughly 
speaking, by means of a substitution of the form p — x^^^ (the VKB 
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method), LP* = x*(i^^\where S = S* , x = x{x,t) e C°° , S = S{x,t) e 



To obtain the variational equations, it is natural to take the variation 
not only of the limit equation for x ^^nd x* i but also for the functions S 
and S* . This yields a new important term of the equation for collective 
oscillations. 

Let us describe this fact for the simplest example, which was studied in 
N.N.Bogolyubov's famous paper concerning "weakly ideal Bose gas" |12j . 

Suppose [/ = in equation ([TJ in a three-dimensional cubical box of 
edge L, the wave functions satisfying the periodicity condition (i.e., the 
problem being defined on the 3-torus with generators of lengths L,L,L). 
Then the function 



'oo 






For A = 2'Kn/L, n a nonzero integer, consider the functions 
and G^^\x) given by 



(5) 



F<^^^\x) 



2^-3/2^^g^|(-p+A)x+(/3+0)t|. 



here 



(6) 




From the system ([6]), we find 





In this example u = 6^*^^'*-', u* = e ' , where s(x, t) = px + (3t, 
while the variation of the action for the vector {5u, 5u*^ equals Xx ± ilt. 
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Under a more accurate passage to the limit, we obtain 
Vx-^Vo^ L-^ j dxV{x) 

Thus, in the classical limit, we have obtained the famous Bogolyubov 
relation ([T]). In the case under consideration u{x) — and, as in the 
linear Schrodinger equation, the exact solution coincides with the quasi- 
classical one. In the paper |10| . the case u{x) ^ is investigated, and it 
turns out that the relation similar to ^ is the classical limit as ft. ^ 
of the variational equation in this general case. The curve showing the 
dependence of (3x on A is known as the Landau curve and determines the 
superfluid state. The value Acr for which superfluidity disappears is called 
the Landau critical level. Bogolyubov explains the superfluidity phenome- 
non in the following terms: "the 'degenerate condensate' can move without 
friction relatively to elementary perturbations with any sufficiently small 
velocity" ^lOj p. 210]. 

However, there is no Bose-Einstein condensate whatever in these math- 
ematical considerations, it is just that the spectrum defined for A < Acr 
is a positive spectrum of quasiparticles. This means it is metastable (see 
|13j ). The Bose-Einstein condensate is not involved here, it is only needed 
only to show that it would be wrong to believe that this argument works 
for a classical liquid, as one might think from the considerations above. 

Indeed, for example, the molecules of a classical nondischarged liquid 
are , as a rule, Bose particles. For such a liquid, one can write out the N- 
particle equation, having in mind that each particle (molecule) is neutral 
and consists of an even number I of neutrons. Thus each ith particle is a 
point in 3(2fc -f Z)-dimensional space, where k is the number of electrons, 
Xi e depends on the potential u{xi), Xi S i?6fc+3/ g^^^ ^g^^ 

sider the iV-particle equation for Xi,i — I, . . . ,N, with pairwise interaction 
V{xi - Xj). 

3. However, there is a purely mathematical explanation of this para- 
dox. The thing is that Bogolyubov found only one series of points in the 
spectrum of the many particle problem. Landau wrote "N.N. Bogolyubov 
recently succeeded, by means of a clever application of second quantiza- 
tion, in finding the general form of the energy spectrum of a Bose-Einstein 
gas with weak interaction between the particles" f |14l p. 43]). But this 
series is not unique, i.e., the entire energy spectrum was not obtained. 

In 2001, the author proposed the method of ultra second quantization 
|15j : see also [16], |17j . |18j . [19], |20 , The ultra second quantization of 
the Schrodinger equation, as well as its ordinary second quantization, is 
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a representation of the A''-particle Schrodinger equation, and this means 

that basically the ultra second quantization of the equation is the same as 
the original A'^-particle equation; they coincide in SA'^-dimensional space. 
However, the replacement of the creation and annihilation operators by c- 
numbers, in contrast with the case of second quantization, docs not yield 
the correct asymptotics, but it turns out that it coincides with the result of 
applying the Schroeder variational principle or the Bogolyubov variational 
method. 

For the exotic Bardin potential, the correct asymptotic solution co- 
incides with the one obtained by applying the ultra second quantization 
method described above. In the case of general potentials, in particular 
for pairwise interaction potentials, the answer is not the same. Specifi- 
cally, the ultra second quantization method gives other asymptotic series 
of eigenvalues corresponding to the A''-particle Schrodinger equation, and 
these eigenvalues, unlike the Bogolyubov ones (7), are not metastable. 

It turns out that the main point is not related to the Bose-Einstein 
condensate, but has to do with the width of the capillary (the nanotube) 
through which the liquid flows. If we consider a liquid in a capillary 
or a nanotube of sufficiently small radius the velocity corresponding to 
metastable states is not small. Hence at smaller velocities the flow will be 
without friction. 

The condition that the liquid does not flow through the boundary of 

the nanotube is a Dirichlet condition. It yields a standing wave, which 
can be regarded as a pair particle-antiparticle: a particle with momen- 
tum p orthogonal to the boundary of the tube, and an antiparticle with 
momentum ~p. 

We consider a short action pairwise potential V{xi — Xj). This means 
that as the number of particles tends to infinity, N ^ oo, interaction is 
possible for only a finite number of particles. Therefore, the potential 
depends on N in the following way: 

VN = V{{xi-xj)N^^^). 

If V{y) is finite with support fiy, then as A'' — > oo the support engulfs a 
finite number of particles, and this number does not depend on N. 

As the result, it turns out that for velocities less than min(Acr, 5^)' 
where Acr is the critical Landau velocity and R is the radius of the nan- 
otube, superfluidity occurs. 

Now let me present my own considerations, which are not related to 
the mathematical exposition. Viscosity is due to the collision of particles: 
the higher the temperature, the greater the number of collisions. In a 
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nanotube, there are few collisions, and only with the walls, and those are 
taken into account by the author's series. It is precisely this circumstance, 
and not the Bose-Einstein condensate, which leads to the weakening of 
viscosity and so to superfluidity. What I am saying is that the main 
factor in the superfluidity phenomenon, even for liquid helium 4, is not 
the condensate, but the presence of an extremely thin capillary [211, f22J . 
It seems to me that a neutral gas like argon could be used for a crucial 
experiment. 
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Policy iteration and max-plus finite element method 

David McCaffrey 

1. Introduction 

We consider the finite horizon differential game 

(1.1) <x,T) = infsup f \\x{.sf + \a{sf ^^^b{sAds + cj,{x{T)) 

<■) b(.) Jo I ^ ^ ^ J 

over trajectories (x(.), a(.), 6(.)) satisfying x{s) — f{x{s)) + g{x{s))a{s) + 
h{x{s))h{s), x{Q) = X, where x{s) e X C E", a(s) G C/ C b{s) G 

W C M'^.This problem arises, for example, as the differential game formu- 
lation of a well-known class of non-linear affine H^a control problems - see 
[5l |6l [TJ |4] for details. In particular it is known that the value function 
v{x^ t) for the finite horizon problem is a (possibly non-smooth) solution 
to the Hamilton-Jacobi-Isaacs equation 



(1.2) H{x,dv/dx)^ dv/dt 

with initial condition v{x,Q) — 4>{x) for {x,t) G X x (0,r], where the 
Hamiltonian is defined as 

H{x,p) = minmax < p {f{x) -|- g{x)a + h{x)h) H — x"^ H — — —6^ 1 . 

a 6 [ 2 2 2 J 

Note this Hamiltonian is non-convex in p. 

Suppose we choose some feedback function d{x) and, on any solution 

trajectory (a;(.), a(.), 6(.)), define the control input a{s) = a{x{s)) for all 

s. We can then define fa{x,b) — f{x) -\- g{x)d{x) -\- h{x)b and la{x,b) — 

^x^+^d{x)'^ — ^b'^, and consider the finite horizon optimal control problem 

(1.3) Va{x, T) = sup / la{x{s),b{s))ds + <j>{x{T)) 

6(.) Jo 
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over trajectories (x(.),6(.)) satisfying x{s) — fa{x{s),b{s)), x{0) ~ x. In 
this case, the value function Va{x, t) satisfies the Hamilton-Jacobi equation 

(1.4) Ha{x,dVa/dx)^dValdt 

with initial condition Va{x,Q) ~ (j){x) for {x,t) e X x (0,T], where the 
Hamiltonian is defined as Ha{x,p) = maxf, {pfa{x, b) + la{x, 6)} . Note that 
this Hamiltonian is convex in p for all x. 

A max-plus analogue of the finite element method (FEM) is set out 
in [l] for the numerical computation of the value function va solving this 



convex optimal control problem (1.3 1. In this note, we set out a policy 



iteration algorithm for the solution of the non-convex differential game 



(1.1). This involves the use of the max-plus FEM to solve (1.4) for a 
given fixed control feedback a{x) in the value determination step of the 
algorithm, and then a QP to improve the control feedback in the policy 
improvement step. We show here that the algorithm converges. It can also 
be shown that the approximation error on the converged solution is of 
order \/At -I- /S.x{/S.t)~^ ^ the same order as that obtained in [Ij for the 
errors associated with the max-plus FEM. We do not give details of this 
result here, due to limited space. 

2. The Max-Plus Finite Element Method 

In the following, let 5* denote the evolution semi-group of the PDE (1.2). 



This associates to any function the function = w(-,t) where v is the 



value function of the differential game (1.1 1. Similarly, let S\ denote the 



evolution semi-group of the PDE (1.4) for some fixed feedback function 
a(.). This associates to any function 0, the function v\ = Va{-,t) where 
Va is the value function of the otimal control problem (1.3). Maslov [3] 



observed that the semi-group S\ is max-plus linear. We now briefly review 
the max-plus finite element method (FEM) set out in [1] for the numerical 
computation of Va 

Let Minax denote the idempotent semi-ring obtained from M, with its 
usual order <, by defining idempotent addition as a ® 5 := max(a, b) and 
multiplication as ab := a + b. Then let Kmax '■= U^max U {-|-cx)}, with the 
convention that — oo is absorbing for the mutiplication. 

For X a set, we consider the set K^ax of l^max valued functions on X. 
This is a semimodule over Umax with respect to componentwise addition 
(m, v) I — > w © V, defined by {u © v){x) = u{x) © v{x), and componentwise 
scalar multiplication (A,u) i — > u\, defined by {u\){x) — u(x)A, where 
u,v £ Kmax; ^ ^ I^max and X & X. Note that the natural order on M^^x 
arising from the idempotent addition, i.e. the order defined by u < v <^==> 
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u (B V = V, corresponds to the componentwise partial order u < v 
u{x) < v{x) for all x & X. 

Now let X and Y be sets and consider an operator A : M^^x ~^ I^max 
from Emax valued functions on Y to Mmax valued functions on X. Such 
an operator is called linear if , for all mi, U2 S I^max -^Ij ^2 ^ Rmax, 
A{uiXi U2X2) — A{ui)Xi A{u2)X2- Given some Mmax valued function 
a G ^^^^ on X X Y, we are then interested in the linear operator A : 
l^max ^ I^max with kernel a which maps any function u S Mmax to the 
function Au e Mj^j^^defined, in terms of the normal arithmetic operations 
on M, by 

(2.1) Au{x) = sup {a{x,y) + u{y)} 

Then, as shown in the references cited in jlj, this kernel operator A is 
residuated, i.e. for any v £ Mmaxj t^^^ set {u £ Kmax • — ^} ^ 
maximal element. The residual map A'^ : Mmax ~^ I^max then takes any 
V £ Mmax to this maximal element in Mmax defined, again in terms of the 
normal arithmetic operations on M, as the function 

(2.2) {A*v){y) = inf {-a(x, y) + vix)} 

The next notion to be introduced, for a kernel operator B : Mmax ~^ 
M^ax: is that of projection on the image vcaB of B. The projector is denoted 
PiniB and is a map Mmax ^ l^max defined for all v £ Mmax by -PimB(w) = 
maxjw €imi? : w < v}. Again as shown in the references cited in [l], this 
projector on the subsemimodule imi? can be expressed as a composition 
PimB = B o i?# of B and its residual i?^. If b{x,y) denotes the kernel of 
B, then this formula can be expressed in the normal arithmetic of M, as 

(2.3) B o B#{v){x) = sup (b{x, y) + inf {-b{^, y) + v{S,))] 

yeY \ / 

Given a kernel operator C : Mmax ~^ l^max with kernel c(z,x), we can 
consider the transposed operator C* : Mmax ~^ ^^max with kernel c*{x, z) = 
c{z,x). We can then define a dual projector on the Mmin-subsemimodule 
— imC* in terms of p-™*^ _ jjij^jy; g — imC* : w > v} for all v £ 
M^ax- Then, as above, this projector can be expressed as a composition 
p-imC _ (j# Q (J which, in the normal arithmetic of M, has the form 



(2.4) C* o C{v){x) = inf -c(z, x) + sup (c(z, £) + w(0) 



Now we can define the max-plus FEM for approximating the value 
function v\ — Va{-,t) for the optimal control problem (1.3 1. Let Y = 
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{1, . . . , /}, X = M" and Z — {\, . . . , J}. Consider a family {wi, . . . , wi} 
of finite element functions Wi : X Kmaxj and a family {zi, . . . , zj} of 
test functions Zj : X ^ Kmax- The vectors A = {\i)i=i,...,i G l^max ^^d 
M = (Mj)j=i,...,./ £ I^maxCan be considered as Mmax valued functions on Y 
and Z respectively. So, as above in equation (2.1 1, we can define max-plus 
kernel operators W : M,^ax ~^ l^max ^^d Z* iM^^x l^max "^ith kernels 
=col(wi)i<i</ and Z* =co\{zj)i<j<,j . The action of W, which plays the 
role of operator B above, is as follows 

W\{x) = sup {wi{x) + \i} 

while Z* gives rise to the transposed operator Z : M^^x ~^ ^^max which 
plays the role of operator C above, and acts as follows 

{Zv)j — sup {zj{x) + v{x)} — {zj\v) 



where (.|.) denotes the max-plus scalar product. Then from equations (2.3 1 
and (2.4 1, we can give the specific form of the corresponding two projectors 



(2.5) Piraw{v){x) = sup W^{x) + iuf (-W^(0 + v{S)) 

ieY \ 

(2.6) p-"^^'{v){x) = mf [-z,{x) + sup{z,{0+v{0)] 

To start the algorithm off, we approximate the initial data = </> 
with the maximal element < in the space imW^ spanned by the finite 
element functions. The approximation of is denoted with a subscript h 
and takes the form 

vl^{x) = (M^A")(x) = sup {w,{x) + A?) 

where the coefficients A,^ are determined from the residuation of W given 
in formula (2.2 1 as 

(2.7) AO- inf (-u;,(a;) + 0(x)). 

As an induction assumption, suppose that at time step qAi we have a 
vector of coefficients A''^* giving an approximation 



^lh\^) = sup [w^{x) + Af^* ) 



of 1"?^* by the maximal element < f?"^* in the space imM^. Then the 
approximation w^'T'^^'^* w^*^^'^* at the next time step can be calculated 
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as 

„(9+l)At/ \ p ^ p-imZ* ^ oAt „ ^.-jAt/ 



(,+ l)A* ^ .^^ 



The coefficients of this approximation are given, from equations (2.5 1 and 
(PI, by 

+ inf (-^,(0 + sup (z,(^) + St o «?f (^))) ) 

It is shown in [1 that w^^^^''^* is the maximal element in the space imVF 
spanned by the finite element functions which satisfies 

for each test function zj. So v^^i^^^'^* is the maximal solution to a max-plus 
variational formulation of the semi-group equation. 

If (see Section 3.3 of [1]) we further approximate the semi-group action 
S^vl^' by 



(Stvlt') {^) = sup (w,{x) + Af * + AtHaix, dwjdx) 
then can be written explicitly as 

i<^X \ j€Z \ j^fzx 

+ sup ( Wfe(77) + A^'^* + AtHa {ri, dwk/dx\r,)) 
keY ^ ' 

Finally, choose two sets (xi)i,^Y and {xj)j^z of discretisation points, 
and take the finite element functions to be Wi{x) = \\x — Xi\\2 , for some 
fixed Hessian c, and test functions to be Zj{x) = —a \\x — Xj\\^ , for some 
fixed constant a. Then it is shown in Theorem 22 of [Ij that the error 
W'^Ih ~ ''^Jlloo ~ 0{At + Ax{At)^^), where Ax is the maximal radius of 
the cells of the two Voronoi tessellations centred on the points {xi)i^Y and 
{xj)j^z respectively. 



3. Policy Iteration with Max-Plus FEM in the Value Determi- 
nation Step 

Now let p denote the cycle index within the policy iteration algorithm, and 
let q € {0, . . . , — 1} denote the time step index, so that the full time 
horizon T is divided into N equal steps of length At, i.e. T — NAt, with 
the qth step running from qAt to {q + l)At. We restrict consideration 
of time-dependent feedback control policies a(x,t) to those in the form of 
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sequences of N constant-in-time policy components (0*^(0;), . . . , a^~^(a;)) , 
and we then further restrict our choice of the individual policy components 
to functions a'^(.) chosen from the set A = {a(.) : X —*■[/} of functions 
which are locally constant with respect to x on cells of the Voronoi tes- 
sellation Vy centred on the origins (xi)i^Y of the finite element functions 

Wi. 

So suppose, as an induction hypothesis, that on iteration p, we have a 
set of constants {a^*} for q £ {0, . . . , N ~ 1} and i £ Y. These give rise to a 

fixed policy Up which, for a given q, takes the form a'^{x) = ap^'^^^ , where 
n{x) € y is the index of the cell of the Voronoi tessellation Vy containing 
X. Note, the process can be initiated, for p = 0, by choosing some fixed 
value a* (say zero) such that aQ{x) = a* for all g G {0, . . . , — 1} and for 
all X S cell ? of VV , where cell i is the one centred on the origin Xi of finite 
element Wi. 



3.1. Value Determination Step. The max-plus FEM outlined above 
can be applied to approximate the value function solving the optimal 



control problem (1.3 1 with fixed strategy Op. The coefficients of the ex- 
pansion of this approximation, with respect to the finite elements Wi, are 
obtained as follows. For q — Q and i G Y, the coefficients X^^ = A° defined 
in (2.7l above. Then, using (2.8l, for q E {0, . . . , N — 1} and i E Y we get 



A 



(g+l)At 
pi 



inf -w^iC) + inf -ZjiC) + sup (2^(77) 

+ sup (wkiv) + A^fe * + AtH^-, {ri, dwk/dx\,^) 
keY \ " 



Note that in the Hamiltonian H^p we apply the policy a^(?7) = ap^'''' where 
fj,{r]) G y is the index of the cell of the Voronoi tessellation Vy containing 
rj. The above can be re-arranged to give 



A. 



(<?+l)At 
pi 



{ - {wt\zj) + sup ( A'f'* + sup {zj{i]) 

\ keY \ rieX 

+Wk{v) + AtHai {■q,dwk/dx\n) 



inf 



For a given policy a, let 



Tjka = sup {zj{ri) + Wkiij) + AtHa {i], dwk/dx\,,)) 
vex 
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In the normal niax-plus FEM, the Tj^a terms can be calculated offline. 
This would be difflcult in the application of max-plus FEM to policy itera- 
tion, since we don't know the policies a in advance. The relevant a for each 
p iteration is known at the start of that iteration and so, in principle, the 
next set of Tjka terms for a given a could be calculated at the start of that 
iteration. However, this would be slow. An alternative is to approximate 
the Tjka online by 

Tjka = {Z]\Wk) +AtHa [Tl°l\dWkldx\^apt^ 

where 77°^* = argsup {zj\wk) = argsup {zjirf) + Wk{rj)) . Note, this approx- 
imation T is presented in [1], where it is shown in Theorem 22 that the re- 
sulting error estimate on the max-plus FEM deteriorates to [[wj^ ~ ''^a ||oo ~ 
0(\/Ai -I- Aa;(Ai)^^). So, finally, the coefflcients of the expansion of the 
approximation to the value function for fixed strategy ap are given by 

(3.1) Ajf = inf [- {wM,) + sup (A^f + f,,,,)) 



3.2. Policy Improvement Step. For each i and q, there exists j{iq) € 
Z which achieves the inf in (3.1 ), so that 

(3.2) A(f = - {w,\z.) + sup (A^f + %^.) 

keY ^ ' 



For each /c, the Hamiltonian within T'jkaF^ is evaluated at 77^^ , and so the 

strategy a!^ applied in the Hamiltonian term takes the value a^^^^^\ where 
/Lt(jfc) G F is the index of the cell of the Voronoi tessellation Vy containing 

opt 

The policy improvement can be formulated for test functions given by 
Zj{x) — —a \\x — XjW^ for some constant a. Here, due to lack of space, we 
consider only the special case where the constant term a ^ 00 in the test 
functions Zj{x), so that they are therefore defined as 

(3.3) z,-- ^ at ^ 



-00 otherwise 



Then we have 77?^* — xj for all fc e F and /i(jfc) = /i(j) G Y is the 
index of the cell of the Voronoi tessellation Vy containing xj. It follows 

that a1^{xj) — flp^'"'' is the policy value applied in the Hamiltonian term 

in Tjka'^ for all k. So every term Tjj,^? uses the same policy value ap^^'''^ 
for all fc G y within the sup^.^^ operation in (3.2). 
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Now let k{iq) = argsupj,gy in (3.2 1, so that 
Then we can improve the pohcy in cell of Vy by taking 



(3.4) 

subject to 
(3.5) 



min T:; 



jka 



pk 



qAt 
pk 



jka 



for all fc S y. This optimisation is feasible since the current policy value 



Op""" satisfies 



for all k eY. 



pk 



jka. 



" '^jkal"'^''' 



Let a = argmiuag^/ rjj,jj subject to the constraints (3.5 1. In cell with 
index /i(j) of the Voronoi tessellation Vy, take new policy 



^p+i(^) 



for all X S cell with index /i(j). Note that for each q, there may be some 
remaining cells of Vy whose indices ^ iJ,{j{iq)) for any i E Y.ln these cells 
we leave the policy at time step q unchanged, i.e. if /i* is the index of such 
a cell, then for all x G cell with index fj,* 



Then the resulting new policy flp+i = {ip+i} is an improvement on the old 
one Up = {a^*} in the sense that the corresponding w^^^ and v^^^^^^f^, i.e. 
the approximations to the value functions which solve the optimal control 
problem (1.3 1 with fixed policies a^+i and Up respectively, satisfy 

(3.6) 



a-nh 



for all ge {0,...,iV}. 

To see this, note first that the policy improvement is unique. If, for 
a given q, there are two i giving rise to the same j{iq), then these both 
result in the same policy improvement ap^j^(x) = a in cell /i(j) since the 
term Tjj,^? in (3.2) does not depend on i. 
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Next, suppose with a view to induction on q, that A^^^-j^ < A^^* for 
all i. Then 



A, 



(q+l)Ai 
pi 



{Wi 



> - 



> 



{wi 
{wi 
{wi 



Zj) + sup (a^^* + fjka) 
keY ^ ' 



) + sup 



) + sup (a^'^^ 



T- 

-^jka 



since every term T-ji.^<i uses the same policy value in the same cell ^(j). 
So 



pi 



key 



p+i 



= A 



(9+l)At 



Since this holds for all i, then it follows that for any x (z X 
sup (Ag+i!f * + ^.(x)) < sup (A^r^)^' + 



i.e. i'*''^^^'^*fx) < w*^''T^'''^^(a;). So by induction, after notine; that from 
(2.7 1, the coefficients at the initial time step q = satisfy A? ^^.^ — A^^ — 



(g+l)At 



A", it follows that A 



qAt 
(p+1)' 



< A 



qAt 

pi 



and 



qAt/ 



Finally by taking b = in (1.3 1, and by restricting our choice of 
initial data to functions (p > 0, we can see that f * > for all p. Since 



(3.7) 



0{VAi + Aa;(At)-i), it follows that 



for some K > 0. 

Hence, the above policy iteration algorithm converges to a time-dis- 
cretised finite element approximation = {vh^i-)j ■ • • i ''^h'^^i-)} to the 
value function of the differential game ( |1.1[ ). 
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3.3. QP Optimisation. The Hamiltonian appearing in (1.4 1 has the 

form 



Ha{x,p) 



max {pfa{x, h) + la{x, b)} 

b 



1 2 I 1 2 1 uuT 



P{f + 9a) + -x + -a - —phh p 



and for Zj given by (3.3), Tj^.^ has the specific form 



The pohcy improvement optimisation set out in ( |3.4[ ) and (3.5) can then 
be formulated as 

miwAtHa (x-j.dwk/dxli:.) 
aeu ' 

subject to 

At Ha > A^fe * - A^f * + Wk{xj) - 

-Wk{xj) + AtHa {x-j,dwk/dx\x.) 
for all k E Y. This can be simplified down to the following QP 



aeu V dx 



-ga- 



subject to 

dwk _ 
dx dx 



dwj, dwk 



\qAt \qAt 



1 



l^p- \ dx dx 
dwk dwi 



hh^ 



dwk dwf, 
dx dx 



dx dx 



for all k Cz Y, and evaluated at x^ 
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Using max-plus convolution to obtain fundamental 
solutions for differential equations with quadratic 
nonlinearitie^ 

William M. McEneaney 

1. Introduction 

We first consider time-invariant differential Riccati equations (DREs) of 
the form 

(1.1) Pt = F{Pt)^A'Pt + PtA + C + Pt^Pt 

where C is symmetric and S — aa' is symmetric, nonnegative definite 
with at least one positive eigenvalue. Throughout, we assume that all 
of the matrices are n x n. We suppose one has initial condition, Pq = po 
where pq is also symmetric. The Daivson-Maki approach uses the Bernoulli 
substitution to create a linear system of two matrices, each of the same 
size as Pt, thus leading to a fundamental solution. We obtain a completely 
different form of fundamental solution, with a particularly clear control- 
theoretic motivation. The new approach will be constructed through a 
finite-dimensional semigroup defined by this fundamental solution. The 
forward propagation of the fundamental solution is naturally defined by 
this operation through the semigroup property. 

We will consider linear/quadratic control problems parameterized by 
z G iR" , and the value functions associated with these control problems are 
propagated forward by a max-plus linear semigroup, which we denote as 
St . The space of semiconvex functions is a max-plus vector space (modu- 
loid) |10j . |4], [2], [3], [7]. Working in the semiconvex-dual space, Sr has a 

^Research partially supported by NSF grant DMS-0307229 
and AFOSR grant FA9550-06-1-0238. 
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semiconvex-dual operator, Br which takes the form of a max-plus integral 
operator with kernel, taking the form of a quadratic function. 

The matrix, fir, defining this quadratic kernel function will be the fun- 
damental solution of the DRE. We will define a multiplication operation 
(®-multiplication) with the semigroup property, specifically /3t+r = /3t®/3r) 
where the ® operation involves inverse, multiplication and addition nx n- 
matrix operations (in the standard algebra). We will also define an expo- 
nentiation operation (©-exponentiation) such that Pt = /Sf *• The solution 
of will be obtained by Pt = fJtD^po where the and D^^ 

operators are descended from the semiconvex dual and its inverse. It is 
important to note that the fundamental solution approach has the benefit 
that one only solves once for f3t, even if one wishes to solve the DRE for a 
variety of initial conditions. 

This approach may be extended to a class of quasilinear, first-order 
PDEs, yielding a fundamental solution for a class of such PDEs. More 
specifically, we consider PDEs 

(1.2) = -Pt + A'P - BPx + ^PT.P 

on the domain [0,T] x C where C = [0,-L]. For simplicity, we consider 
the scalar case, and so A, i3,S e E > 0, where we specifically require 
B (otherwise this reduces to an ODE problem) . 

We again create a linear/quadratic control problem, where in this case, 
the state takes values in L2{C). The above PDE is essentially the "Riccati" 
equation for this virtual control problem. We again apply semiconvex du- 
ality, and max-plus vector space concepts. This leads to an extension of the 
® operator to this infinite-dimensional context, and finally, a fundamental 
solution for this class of PDEs. 



2. The linear- quadratic control problem and semigroups 

The proofs of the results in the sections on the DRE may be found in [9]. 

As indicated above, the fundamental solution to the DRE will be ob- 
tained through an associated optimal control problem. Recall that we are 



considering the DRE given by (1.1 1. Since we will be employing semi- 
convex duality (see below and [4', '10]), we will choose some (duality- 
parametrizing) symmetric matrix, Q, such that F(Q) > 0, where we note 
that, for any square matrix D, we will use the notation D > Q to indicate 
that matrix D is positive definite throughout. We will need to consider 



the specific solution of DRE ( 1.1 1 with initial condition 
(2.1) Po = Q. 
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We assume: _ 

There exists a solution of DRE (1.1), Pt, with initial condition 

\2. 1\ , satisfying Pt > Q (i.e., Pt — Q positive-definite) for (^A e) 

t € (OjT) with T > 0, and we note specifically, that we may 

have T = +00. 

We will be obtaining the fundamental solution j3t for solutions with initial 
conditions, Pq — pq > Q. Note that we do not assume stability of the DRE, 
and finite-time blow-up is possible. We will let T = T{po) — sup{i > 
I Pt exists, and Pt > Q}, and we let f = f{po) ^ T AT where A 
indicates the minimum operation. 

Remark 2.1. Note that with S > and at least one positive eigen- 
value, we may take Q = —kl for arbitrarily large fc, so that one can ensure 
F{Q) > (as well as for any po > Q). 

We will be using a control value function to motivate and develop 
the fundamental solution. Consider the Hamilton- Jacobi-Bellman partial 
differential equation (HJB PDE) problems on [0,T) x iR", indexed by 
z E iR", given by 

(2.2) = H{x, VT/^) = {AxYVV + \x'Cx 4- (VF^)'SVF^ 

(2.3) V\Q,x) =i){z,x) = \{x- z)'Q{x- z). 



Theorem 2.2. For any z G iR", there exists a solution to (2.2), (2. 3) 
in C°°([0,r) X iR") n C([0,T) X iR"), and this is given by 

(2.4) = \{x - Ktz)'Pt{x - Atz) + z'RtZ 



where P satisfies (1.1), (2.1), and A,r satisfy Aq = /, i?o = 0, 

A and A'CA. 



(2.5) A 



P-^C-A 



For (j) : iR" iR given by (l){x) — ^{x — z)'po{x — z) (and actually for 
a much larger set of functions), we define the max- plus linear semigroup, 
St, by 

(2.6) Sr[<l)\{x) ^V^{t,x) = \{X- KrZ)'Pr{x- KrZ) + z'RrZ. 

We let 0, (g) denote the max-plus addition and multiplication opera- 
tions. We say that cf) is uniformly semiconvex with (symmetric matrix) 
constant K if 4){x) -\- ^x'Kx is convex on iR", and we denote this space as 
S^{1R"). Recall that is a max-plus vector space. 



We will use the quadratic given in (2.3 1 to define our semiconvex 
duality. The main duality result (cf., |10j . [4j, where proofs may be found) 
is 



24 



William M. McEneaney 



Theorem 2.3. Let e S'^{R"-) where -K > Q. Then, for all x,z€ 



(2.7) 



(2.8) 



) — max [^{x, z) + a{z)] / 'i'ix, z) ® a{z) dz 



a{z) 



= ^x,-)(Da{-)^V-:\a] 
ip{x, z) ® [— 0(a;)] dx 



= -{^(-,^)0M(.)]} = i?v4 



Using Theorem 2.3 and some technical arguments, for all t G (0,T) 
and all a;, z e 5?" 



(2.9) 



SM;z)]ix) 



ip{x,y) ®Bt{y,z)dy 
ij{x,-)QBt{-,z), 



where for all y e JR" 



(2.10) 



il^{x,y) (g> {-St['ijj{-,z)]{x)}dx 

^{i,{;y)Q[Stm;z)]{-)]-}-. 
We define the time-indexed max-plus linear operators Bt by 

(2.11) Bt[a]iz)^Bt{-,z)Qa{-)^ Bt{y , z) ® a{y) dy , 

and one easily sees that these satisfy the semigroup property. (We may 
use a space of uniformly semiconcave functions as the domain.) We say 
that Bt is the kernel of max-plus integral operator Bt- 

Theorem 2.4. Let <p{x) = ^x'pox and a{z) — Then, for 

t e (0,f), x e K", 

(2.12) Stmx) = ^(x, ■)QBt[a]{-) = V^^Bt[a]{x) = V^^BtV^mx). 

Now, note that by and ( |2.10[ ), 
(2.13) 

Bt(a::, y) = - max <^ i(a:-?;)'(3(a;-y)- 5(0; - A4z)'Pt(a; - Kz) + i2;'i?tz 

x£]R^ I L 



where t < T guarantees strict concavity of the argument of the maximum. 



Max-plus convolution and fundamental solution 



25 



Lemma 2.5. Let rj and a be2nx 2n matrices with block structure given 



by 

(2.14) 
Let 

Then, 



^1,1 ^1,2- 
^1,2' ^2,2 



F(x, z) ^ max < ^ 



ana a 



7 



where 7 has identical block structure to rj and a, and is given by j — rj® a 
where the ® operation is defined as 

1,1 1.1 1.2 c-i 1,2' 1,2 1.2 c-i 1.2 

' = rj ' — rj ' b rj ' , 1 — ~V "J a ' , 

and S = ?7^'^ + a^'^. 



2,2 2.2 1,2'rr-i 1,2 



Combining (2.131 and Lemma 2.5 one obtains the following. 



Theorem 2.6. 
(2.15) 



where pt has the same block structure as rj above. 



3. The DRE fundamental solution semigroup 

Now we will use the semigroup nature of the St operators to obtain the 
semigroup nature of the Bt operators, and consequently the propagation 
of the Bt and (3f The propagation of f3t — (/3i)®* will be the dynamics of 
the fundamental solution of the DRE. 

Lemma 3.1. Let a{z) = ^{z — 'z)'qa{z — z) + with qa < —Q, and 
(j) — V^^a. Then, 

(3.1) 0(a;) = i(x - z)' [QU-\a] {x-z) + ra 

where U = Q + Qa- Alternatively, let 4'{x) = ^(x — x)' qp{x — x) + rp with 
Qp > Qj ciiT'd let a = T>^4>. Then, with A = Q — qp 

(3.2) a{z) ^\{z- x)' [gA^igJ {z-x)+ rp. 
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Based on this lemma, it is natural to make the following definitions, 
which inherit notation from and 'D^^. For symmetric Qp > Q, define 
-D^bp] QiQ - qp^^qp, and for symmetric q,, < -Q, define -D^^[ga] = 
Q{Q + qa)~^qa- One may show (see [91): 

Theorem 3.2. For all ti,t2 > such that <i + ^2 < T, 

Theorem 3.3. The forward propagation of semigroup Pt is given by 
(3.3) 

where the ® operation is given in Lemma\2.5\ 



To summarize, suppose one wishes to obtain the solution of (1.1 1 at 
time t with initial condition Pq = Po- Then, one performs the following 
steps: 

• Obtain qa from po via go = -Dj/'Po = Q(Q - Po)^ Vo- 

• Obtain qt from (3i and go via qt — Pl'^—fi]''^ {j^l'^ + 90^ A^'^ ^ 
A ®' 90- 

• Obtain Pt from from qt via Ff = D^^qt = Q{Q + qt)^^Qt- 
4. Exponentiation and a Semiring 

Recall that for a standard-algebra linear system, one views the fundamen- 
tal solution as e^* = (e"^)*. We would like some similar exponential-type 
representation here. Naturally, we define ©-exponentiation for positive 
integer powers through /3®^ ^ f3 ® /3, = ® (3, et cetera. Using 

Theorem 



3.3 



this immediately yields jSnt = However, this only works 
for integer powers. We will extend this to positive real powers so that we 
may simply write f3t — (/3i)®* for any t > 0. 

Let Q denote the set of rationals. Given any t G (0,oo), let et = 
{s S (0, oo) \ 3p G Q such that s — pt}. As is well-known, the collection 
of such et forms an uncountable set of equivalence classes covering (0, oo). 
Suppose s G gf. Then, there exists p = m/n with m,n € J\f such that 
s = pt. Let r = t/n. Then, t = tit and s = mr. Consequently, by 



Theorem 3.3 A = Z?®" and Pt = /3f With this in mind, we make the 



following extension of ©-exponentiation. 

Definition 4.1. Let s = pt with p = m/n, m,n e Af. We define 

P®P ^ p®m T^tjn. 
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We need to demonstrate that the definition is independent of the choice 
of 171,11 e Af. That is, suppose p — mo/riQ — mi/ni. Let tq = t/no and 
Ti = t/m. We must show /3®"° = We will use the following, 

trivially- verified result. 

Lemma 4.2. [^3®"] ®™ = ^®("™) . 

With this lemma, the above independence is easily proven. Lastly, one 
extends the ©-exponentiation definition to exponents which may not be 
rational using continuity. 

There are underlying semirings with the ©, ® operations, and this 
seems to be quite interesting. These semirings are related to the con- 
volution semiring of We only touch on the matter here. Let a, & € 
[0, -l-oo) U {+00} = W"*". Then define a ® 6 = ab/ (a -I- b) which defines the 
® operation on >V+. Also, define © on >V+ by a 6 = max{a, b}. 

Theorem 4.3. (W^,®,®) is a commutative idempotent semiring. 



5. First-Order Quasilinear PDE 

The same approach, which was used above in the case of the DRE, can 
be applied to a first-order, quasilinear PDE with a quadratic nonlinearity. 
This PDE will take the form of a Riccati equation, and we will refer to it 
as the fully-first-order Riccati PDE (the FFOR PDE). The FFOR PDE 
will be 

(5.1) = -Pt + AP-BPx + ^PT.P 

where the domain will be [0,T] x £ where £ = [0,L]. For simplicity, we 
consider the scalar case, and so A, B,Y. ^ M, S > 0, where we specifically 
require B (otherwise this reduces to an ODE problem). We let 



B 



(0,r]x{0} ifB>0 
(0,r]x{L} ifB<0. 

The initial and boundary conditions will be 

(5.2) ^'(0,A) =po(A) yXeC 

(5.3) P{t,X) =0 y{t,X)e£^. 



We will obtain a fundamental solution for (5.1 1-(5.3 1 using technology 



analogous to that used for the DRE. In order to do so, we must devise a 



virtual control problem for which the time-reversed version of (5.1 ) is the 
associated Riccati equation. 
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We begin by defining the dynamics of the virtual control problem. 
The state will take values in X = L2{C; M). The control will take values 
in W = L2{C;M). In particular, we consider the control space VV"* = 
i2([-r,0], W). The domain for the dynamics will be [-T,0] x C, and for 
t e [-T, 0], we will have state, £_{t, •) e X. Let 



cB 



(-r,o]x{L} ifs>o 
(-r,o]x{o} ifs<o. 



The virtual control problem dynamics is given by first-order PDE, initial 
condition and boundary condition 

(5.4) et(i, A) = A^{t, A) + A) + <7w{t, A), 

(5.5) ^(_T, •) = xo(-) e A- 

(5.6) ^(i,A)=0 V(t,A)ef|. 

Let the inner product and norm on X,W be denoted by {x,y) and 
II a; II, respectively. Let C,Q > 0. The payoff and value are given by 

(5.7) J'{-T,x,w)^ f i(C(i,-),C'e(t,-)>-5lk(i,-)fdt + V'(e(0,-),^) 

J-T 

(5.8) w7^(-r,x) = sup J^(-T,a;,w) 

where i^{x, z) = ^(^(0, •) - z,Q(^(0, •) - z)). 

The first step is to obtain the verification result. 

Theorem 5.1. Suppose V e C([0,T] x A") n C^{{0,T] x X) satisfies 

- -F/ + ((V,F^ Ax) - ((V,t.)A, Bx) + 

(5.9) 

+ l\\<j'W,V'f+^{x,Cx), 

(5.10) y^(0,a;) V(a;,z), 

(5.11) W^V'{t,X,x{X)) = y{t,X) e X e H^{C). 

Then, V'iT^x) > J''{~T,x,w) for all w e W, for all x e H^{£). Further, 
if there exists a solution, ^* to (5.4)^(5.6) with w* {t, X, ^* (t, X)), then let- 
ting w*{t,X) = w*{t,X,£^*{t,X)), one has V^{T,x) = J^{—T,x,w*), and 
consequently V^{T,x) = W^{—T,x). 

The next step is to note that the solution for this problem has a simple 
form. 
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Theorem 5.2. For any z e X, there is a solution to \5.f^ -(5.11 ) in 
V G C([0,T] X A')nCi((0,T] X X) of the form 
(5.12) 

V\t, x) =\{{x^ Z{t, •)), P(i, -Kx - Z{t, ■))) + \{Z{t, ■),R{t)Z{t, •)), 



where P satisfies \5. l^ -(5.3) with 

(5.13) Po(A) = g VAe£, 

Z e Ci([0,T] X C) satisfies 

(5.14) Q = PZt + [AP + C]Z + BPZx, 

(5.15) Z(0,A) = z(A) VAe/:, 

(5.16) Z(t,A) = V(t,A)e£|, 
anrf R G C"'^([0,r]) satisfies 

(5.17) i?t = C, i?(0) = 0. 

Note that in the case where C = 0, the Z PDE takes the simpler form 

(5.18) Zt + AZ + BZx. 

Note also that Z{t, •) is given by a linear operator acting on z, denoted as 

(5.19) Z{t,-) = M{t)[z]{-)= f M{t--,Tl)z{v)dr]. 



Using this in (5.12), one has 
(5.20) 

F^(i,x) = \{{x - M{t)z),P{t,-){x ~ M{t)z)) + \{M{t)z,R{t)M{t)z). 

We may think of V^{t, ■) as given by the max-plus linear semigroup 
V^{t,x) = St[ip{- , z)]{x) . Introducing the semiconvex dual, one may prop- 
agate instead in the dual space. The dual-space semigroup operator is 
naturally found in the form of a max-plus integral operator with some ker- 
nel, which we denote by B{t] x, z) for t G [0, T] and x, z G X. One obtains 
B(t; X, z) from 



B(t;y,z) = -niax<^ ^{{y 



x),Q{y - x)) 



l{{x-Mit)[zlP{x-M{t)[z]) + \{M{t)z,R{t)M{t)z) 
Further details will appear in the full paper. 
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Polynomial quantization on para-hermitian symmetric 
spaces from the viewpoint of overgroups: an exampl^ 

Vladimir F. Molchanov 

Quantization in the spirit of Berezin on para-Hermitian symmetric spaces 
G/H was constructed by the author in [2]. One of the variants of quanti- 
zation is the so-called polynomial quantization (here for the initial algebra 
of operators, one has to take a representation of the universal enveloping 
algebra). A construction of polynomial quantization on para-Hermitian 
symmetric spaces G/H was presented in [4]. For rank one, explicit for- 
mulas were given in [3]. In this paper we consider a new approach to 
the polynomial quantization using the notion of an " overgroup" . This 
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approach gives the Berezin covariant and contravariant symbols and the 

Berezin transform in a highly natural and transparent way. In the paper 
we restrict ourselves to a simple but crucial example: G = SL(2,M) with 
the diagonal subgroup H and G = G x G. 



1. Groups, subgroups, a cone, sections 
The group G = SL(2,]R) consists of real matrices 

Its subgroups H, Z, N of G consist of matrices 



9 = 



respectively. The Gauss and " anti-Gauss" decompositions of G are defined 
by G = NHZ and G = ZHN. The group G acts on Z and N by fractional 
linear transformations: 

+ 7 5r] + fi 

fit, + jrj + a 

These actions are obtained when we decompose z^g "by Gauss" and rir^g 
"by anti-Gauss". We can reduce the second action to the first one: rjog = 
T] ■ g where 

5 7 
/3 a 

We assume that the groups act from the right, in accordance with this we 
will write vectors in the row form. 

Let us take the following bilinear form in the space R*: 

[x, y] = -xiyi - X2y2 + xsys + X4y4- 
Realize as the space Mat(2,M) of real 2x2 matrices: 

1 / Xi — X4 —X2 + .'£'3 
X — — I 

2 \ X2 + X3 Xi + X4 

Denote the matrix corresponding to the vector xJ, J = diag{l, — 1, —1,-1}, 
by x^. Then the form [x,y] can be written in terms of matrices: [x,y] = 
-2tr (x'^y). 

As an overgroup for G, we take the direct product G = G x G. It acts 
on Mat(2, M) as follows: to a pair (51 , 52) G G we assign the transformation 

(1.1) xi-^g^^xg2. 
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This action preserves det x = — (l/4)[a;, a;]. Therefore G covers the group 
S0o(2, 2) with multiplicity 2, and the kernel of the homomorphism consists 
of two pairs: (e, e) and (— e, — e), e being the unit matrix in G. 

Let C be the cone in defined by [a;, x] = 0,x ^ (or det x = 0, x ^ 
0). Let us take the following two points in C: 

3' 



s- = (1,0,0,-1) = Q qJ, s+ = (1,0,0,1) = q ^ 

and two parabolic sections F" = {[x, s"*"] = —2} and F+ = {[x, s~] = —2} 
containing s~ and s"*" respectively. 

Consider in G two unipotent subgroups Q~ and (5+ consisting of pairs 
(z^jUrj) and {nrj,z^) respectively. They act simply transitively on sections 
F~ and F+ respectively and transfer points s~ and s+ to the points 

u = m(C, 7]) = {I- ^r], -V, + V, -1 - ^V), 
v ^ v{^,7j) ^ {1 - Cv, ^ + V, i~ V, '^ + ^V), 
respectively. Let u = u(^i, rji) and v — v{^2, then 

(1.2) [u,v] = -2N{Ci,m)N{^2,Vi), 
where 

In terms of matrices, the vectors u and v are written as follows: 

The relation between u and is given by: u = vJ or u — v''^ . 

Let Af be the section of the cone C by the plane xi = 1 (or tr a; = 1). 
It is a hyperboloid of one sheet: — ^3 + .T3 + x| = 1, in M'^. 

Using maps of points along generating lines in C, we obtain actions of 
G on sections. Let (51,92) € G. For X we have: 

(1.3) ™ ^^"'^^^ 



For r~ and F+, these actions are given by fractional linear transformations 
of ^ and rj: 

u{^, rf)^ u{S,- gi,r)o 52), v{£,, -q) ^ v{£, • 32, ?7 o g^). 

Each of the sections F~ and F+ is mapped on X along the generating 
lines (almost everywhere): 

- • y- - 



u, iV(^,r?)' ^ V, iV(^,7?)- 
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These maps give the following two systems of coordinates ^, rj on X: 

I ' NitvV N{^,rj)' N{i,n))' 

Let us call these coordinates the horospherical coordinates corresponding 
to r~ and r+ respectively. The relation between these two systems is 
given by: x = yJ or x = yK 

Let us take the following measures on the sections X,r~ and r+: 

dx = \x4,\~'^dx2 dxs, du = d^ drj, dv = d^ drj. 

Under the maps mentioned above, the measures are related as follows: 

dx = dy = 2N{^,r])-'^d^d'n. 

2. Representations of G = SL(2, R) 

The representations £, ct € C, £ = 0, 1, of G act on functions on M 
by: 

(T<,,,(ff)<^)(0 = <^(^5)(/?c+^)'"■^ 

where we use the notation: 

t^'" = Itl^gn^t, AeC, u = 0,l, teR\{0}. 
Together with these representations, we consider the representations 

so that 

(notice that T^^g and T^^^ are equivalent). The operator A^^^ defined by 

-oo 

intertwines T^^e with T-cr-i,e and also T^^e with T-^-i.e- The product 
A_cr-i,£^o-,£ is a scalar operator: 

= w(cT,e) • id, 

where 

, , 2tt 2a -e 

w((T, £) = -tan — - — TT. 

^ ' ' 2a +1 2 
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Notice that 

(2.1) ij{-a-l,e) =ij{a,e). 

3. Representations oi G = G x G associated with a cone 

For X e C, u = 0, 1, let Vx,„{C) denote the space of functions / e C°°(C) 
satisfying the condition: 

f{tx) =t^-"f{x), xeC, tGR\{0}. 

Let be the representation of G on 'D;^^^(C) by translations: 

{R\A9i,92)f){x) = f{gi^xg2). 

In fact, it is the representation of the group SOo(2,2) associated with a 
cone [1]. This representation can be realized on functions on sections of 
the cone C, see § 1. In the realization on X, the representation R\^i, is 
given by (see (1.3)): 

{RxA9i,92)f){x) = f{x) {ti{g^^xg2)}^''' , xeX. 
On r~ and on r+ we have respectively: 

(3.1) (i?A,.(gi, 32)./)(e, V) = .f (e -gurjo 92){m + Si){l2V + ^2) }^'^ 

(3.2) (i^A,.(fll,52)/)(€,^?) = /(^52,»?o5l){(/32^ + ^2)(7l^ + al)}^'^ 

Formulas (3.1) and (3.2) show that R\.u{gi, 92) is the tensor product 
Ta,e{9i) ® fa,e{92) and T^,e{92) ® f^,e{9i) respectively with a = A/2. 
Define the operator B^, v in the A'-realization by 

(3.3) {Bx,,f){x) = [ [x,y]-^-^'''f{y) dy. x e X. 

It intertwines Rx^v with R-\-2,v It acts from F" to r+ by 

{Bx,uf){u) = 2 [ [u,v]~^~^'''f{v)dv, U&T-, 
Jt+ 

and similarly from T~ to r+. By (1.2) it can be written as 

(BA,./)(ei,m) = 

(_l)-2-^-i / k(6,r?2)iV(6,r/i)l"^"''V(6,»?2)d6dr;2. 
Jt+ l 

It shows that 

Bx,. = {-lY2-^-^A^^,®A„^,, a = \/2. 
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Therefore 

(3.4) Bx, uB_x-2, u = [w(A/2, u)] ' • id. 

Let us go back to the Af-realization and use the both horospherical coordi- 
nate systems. Then 

(3.5) (5,,./)(.) = (-l)'^2— / 



X L7V(Cl,7?l)M6,r?2)- 

where x and y have coordinates and ^2,??2 in the horospherical co- 

ordinate systems corresponding to T~ and r+, respectively. 

4. The Berezin symbols cind the Berezin treinsform 

The group G contains three subgroups isomorphic to G. The first one is 
the diagonal consisting of {g,g), g & G. It preserves X under the action 
(1.1), hence X = G/H. The measure dx is invariant. The representation 
i?A,i/ is the representation by translations: 

Other two subgroups Gi and G2 consist of pairs {g,e) and {e,g), g G G, 
respectively. By (3.2) we have on r+: 

Therefore, in the horospherical coordinates on X corresponding to r+, we 

have that 

(4.1) {RxAe,g)fM,v)= [^^^]''V(^^?,r,)iV(^5,r;)^■''(/3^ + 5)^'^ 
This equation can be rewritten as follows. Denote 

It is the kernel of the intertwining operator for G (see Sect. 1) and it is an 
analogue of the Berezin supercomplete system. Then (4.1) is 

{RxA^,g)fmv) = ^^^^^(TA/2,.(<?)®l)[/(^,7?)$A,.(^,r/)]. 

Similarly, in the horospherical coordinates on X corresponding to F", we 

obtain that 

{RxAe,g)fmv) = ^^-^^{i®fx/2A9))[f{i,v)'^xAi,v)]- 

(and similar formulas for (g, e)). Let us go from the group G to its universal 
enveloping algebra Env(0) and retain symbols for representations. Then 
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the dependence of representations on v disappears and we omit v for them. 
Now take for / the function /o equal to 1 identically, then for X G Env(g) 

we obtain that 

(EA(0,X)/o)(e,r?) = ^— L_(T,/2(X) ® 

*-A-2,i/(,?,'7j 

The right hand sides of these formulas are just the covariant and con- 
travariant symbols of the operator Tx/2 {X) in the polynomial quantization. 

We can normalize the operator B-x-2,u so that the normalized oper- 
ator Qa,!/ will satisfy the condition 

Q\,vQ-\-2,v = id. 

Namely, 

(4.2) (Qa,./)(.) =c(A,.) / [ i!"f^ii!"fi l'"/(.)^^. 

where x and y have coordinates ^i, 771 and ^2, f?2 as in (3.5) and 

(4.3) c{\,v)-^ = 2uj{\/2,v), 

see (2.1), (3.4), (3.5). The kernel in (4.2) (with the factor c{\,u)) is 
nothing but the Berezin kernel. Therefore, the operator Qa.i^ is the Berezin 
transform. It transfers contravariant symbols to covariant ones. Note that 
if we want to write the Berezin transform using only one coordinate system, 
then we will have to change the operator (3.3), namely, we will have to 
write [x,yJ] instead of [x,y\. 



Bibliography 

[1] V. F. Molchanov, Representations of the pseudo-orthogonal group associated with 
a cone. Mat. Sb., 1970, vol. 81, No. 3, 358-375 (in Russian). Engl, transl.: Math. 
USSR Sb., 1970, vol. 10, 333-347. 

[2] V. F. Molchanov, Quantization on para-Hermitian symmetric spaces. Amer. Math. 
Soc. Transl., Ser. 2, 1996, vol. 175 (Adv. in Math. Sci.-31), 81-95. 

[3] V. F. Molchanov, N. B. Volotova. Polynomial quantization on rank one para- 
Hcrmitian symmetric spaces. Acta Appl. Math., 2004, vol. 81, Nos. 1-3, 215-222. 

[4] V. F. Molchanov, N. B. Volotova. Polynomial quantization on para-Hermitian sym- 
metric spaces. Vestnik Tambov Univ., 2005, vol. 10, No. 4, 412-424. 



The structure of max-plus hyperplanes 



37 



The structure of max-plus hyperplaneqj 

V. Nitica and I. Singer 

A max-plus hyperplane (briefly, a hyperplane) is the set of all points x = 
{xi, ..-iXn) in MJJjjj^ satisfying an equation of the form 

aiXi ® ... © ttnXn ® a,i+i = biXi © ... © bnXn © 6„+i, 

that is, 

max(ai + Xi, a„ + a;„, a„+i) = max(foi + xi, b„ + Xn, &n+i), 

with ai,bi € Kmax (* = l,...n+ 1), where each side contains at least 
one term, and where ^ 6j for at least one index i. We show that the 
complements of (max-plus) semispaces at finite points z e M" are "building 
blocks" for the hyperplanes in M.^^^ (recall that a semispace at z is a 
maximal -with respect to inclusion- max-plus convex subset of M^a^x\{^})- 
Namely, observing that, up to a permutation of indices, we may write the 
equation of any hyperplane H in one of the following two forms: 

aixi © ... © apXp © flp+iXp+i © ... © aqXq 

— (l\X\ © ... © ClpXp © dq^lXq^i © ... © Ct^X^ © 

where 0<p<q<m<n and all (i = 1, m,n + I) are finite, or, 

aiXi © ... © ttpXp © flp+iXp+i © ... © GqXq © ttn+l 

— CLiXi © ... © (IpXp © CLq-^lXq^i © ... © QjjiXjji © 

where 0<p<q<m<n, and all (i = 1, ...,to) are finite (and a„+i 
is either finite or — cxd), we give a formula that expresses a nondegener- 
ate strictly afline hyperplane (i.e., with m = n and a„+i > — oo) as a 
union of complements of semispaces at a point z e M", called the "center" 
of H, with the boundary of a union of complements of other semispaces 
at z. Using this formula, we obtain characterizations of nondegenerate 
strictly affine hyperplanes with empty interior. We give a description of 
the boundary of a nondegenerate strictly affine hyperplane with the aid of 
complements of semispaces at its center, and we characterize the cases in 
which the boundary bd _ff of a nondegenerate strictly affine hyperplane H 
is also a hyperplane. Next, we give the relations between nondegenerate 
strictly affine hyperplanes H, their centers z, and their coefficients a^. In 
the converse direction we show that any union of complements of semis- 
paces at a point z € M" with the boundary of any union of complements 
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of some other semispaces at that point z, is a nondegenerate strictly affine 
hyperplane. We obtain a formula for the total number of strictly affine hy- 
perplanes. We give complete lists of all strictly affine hyperplanes for the 
cases n = 1 and n = 2. We show that each linear hyperplane H in K^^x 
(i. e., with a„+i = -co) can be decomposed as the union of four parts, 
where each part is easy to describe in terms of complements of semispaces, 
some of them in a lower dimensional space. 

The paper in extenso will appear in Linear Algebra and its Applica- 
tions. 



Image processing based on a partial differential equation 



We consider a general form of PDE-based methods for image restoration, 
and give a short overview of the underlying models. In these models, the 
original image is transformed through a process that can be represented by 
a second-order partial differential equation. Typically, this role is played 
by some nonlinear generalization of the heat equation, and it is possible 
to analyse the solutions from the viewpoint of pseudo-linear (idempotent) 
analysis. Our main result is that the generalization of the heat equation 
proposed by Perona and Malik satisfies the pseudo-linear superposition 
principle. 

1. Introduction 

The approach based on partial differential equations is well-known in im- 
age processing ([Al [Cl [T]). In this approach, a restored image can 
be seen as a version of the initial image at a special scale. Image u 
is an instance of an evolution process, denoted by u(t,-). The origi- 
nal image is taken at time t — 0, u (0, •) — uq (•) . The original image 
is then transformed, and this process can be described by the equation 
^ (t, x) + F (x, u{t, x), Vu (t, x) , V^w (i, x)) — 0, where x € fl. Some pos- 
sibilities for F to restore an image are considered in [Aj . 

^Partially supported by the Project MNZZSS 144012, grant of MTA HTMT, 
French-Serbian project "Pavle Savic", and by the project "Mathematical Models for 
Decision Making under Uncertain Conditions and Their Applications" of Academy of 
Sciences and Arts of Vojvodina supported by Provincial Secretariat for Science and 
Technological Development of Vojvodina. 
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Pseudo-linear superposition principle means the following. Instead of 
the field of real numbers, think of a semiring defined on a real interval 
[a, 6] C [—00,00]. This is a structure equipped with pseudo-addition 0, 
which is typically idempotent {x(Bx — x), and with pseudo-multiplication 
0. The pseudo- linear superposition principle says that some nonlinear 
equations (ODE, PDE, difference equations, etc.) turn out to be linear 
over such structures, meaning that if Ui and U2 are two solutions of the 
considered equation, then ai wi 02 M2 is also a solution for any 
constants ai and a2 from [a,b]. 

By pseudo-analysis we mean analysis over such semirings, in the frame- 
work of[LllMllNl|Ol|Pl[Q||R]. One of its key ideas is the pseudo- 
linear superposition principle stated above. This (pseudo-) linear intuition 
leads to the concepts of 0-measure, pseudo-integral, pseudo-convolution, 
pseudo-Laplace transform, etc. 

Similar ideas were developed independently by Maslov and his collab- 
orators in the framework of idempotent analysis and idempotent math- 
ematics, with some applications (GJ |H1 |J1 |K]. In particular, idempo- 
tent analysis is fundamental for the theory of weak solutions to Hamilton- 
Jacobi equations with non-smooth Hamiltonians, see [Gj |Hl |K] and also 
[Ql IR] (which use the language of pseudo-analysis). In some cases, this 
theory enables one to obtain exact solutions in the similar form as for the 
linear equations. Some further developments relate more general pseudo- 
operations with applications to nonlinear partial differential equations, see 
[S] . Recently, these applications have become important in the field of im- 
age processing [Qj |R] . 

Our report is organized as follows. In Sect. [2] we consider a general 
form of PDE for image restoration. The starting PDE in image restoration 
is the heat equation. Because of its oversmoothing property (edges get 
smeared) , it is necessary to introduce some nonlinearity. We consider then 
the following model ([Aj [T] ) 

g=div(c(|V.r)v«), 

where we choose the function c such that the equation remains to be of 
the parabolic type. We take c(s) ~ as s ^ 00, because we want to 

preserve the discontinuities fX'. Because of this behavior, it is not possible 
to apply general results from parabolic equations theory. An appropriate 
framework to study this equation is nonlinear semigroup theory ([Al |Bl 
E]). In Sect. [3] we show that Perona and Malik equation satisfies the 
pseudo-linear superposition principle. 
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2. PDE-based method in image processing 

PDE-methods for restoration can be written in the following general form: 

|f (t, x)+F (x, u{t, x),Vu {t, x) , V^M {t, x)) = in (0, T) x f], 
^ {t,x) = on (0,T) X do. (Neumann boundary condition), 
u (0, x) — uq (x) (initial condition), 

where u (t, x) is the restored version of the initial degraded image uq (x) . 
The idea is to construct a family of functions {u{t,x)}^^Q representing 
successive versions of uo{x). As t increases, the image u{t,x) becomes 
more and more simplified. We would like to attain two goals. The first is 
that u(t,x) should represent a smooth version of uq (a;), where the noise 
has been removed. The second, u (t, x) should be able to preserve some 
features such as edges, corners, which may be viewed as singularities. 
The heat equation is the basic PDE for image restoration: 

{t, x) - Au (t, x)^0, t>0, X e M^ 

U (0, x) = Uq (x) . 

The heat equation has been successfully applied in image processing but 
it has some drawback. It is too smoothing and because of that edges 
can be lost or severely blurred. In [A] authors consider models that are 
generalizations of the heat equation. Suppose that the domain image is a 
bounded open set fl of M^. The following equation was initially proposed 
by Perona and Malik [T] : 

{If = div (c (jVuf'j Vu) in (0, T) x n, 
1^ = on (0, T) X dn, 
u (0, x) — uo (x) in n 

where c : [0, oo) (0, oo) . If we choose c = 1, then it is reduced to the 
heat equation. If we assume that c (s) is a decreasing function satisfying 
c(0) = 1 and lim c(s) = 0, then inside the regions where the magnitude 



of the gradient of u is weak, equation (2.1 ) acts like the heat equation and 
the edges are preserved. 

For each point x where |Vit| 7^ we can define the vectors N = 
and T with T-N — 0, |T| — 1. For the first and second partial derivatives of 
u we use the usual notation u^-^ , Ux2, Uii^i,... We denote by unn and utt 
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the second derivatives of u in the N-direction and T-direction, respectively: 

1 



Utt 



T* V^u T = 



1 



QiXLj.Uyllrj.yj 



(2.2) 



The first equation in (2.1 ) can be written as 

^ (<, x) = c (|Vu (t, a;)!') wtt + b {\Vu {t, x)\' 



where b{s) — c(s) + 2sc'{s). Therefore, (2.2 1 is a sum of a diffusion in 
the T-direction and a diffusion in the N-direction. The functions c and 
h act as weighting coefficients. Since N is normal to the edges, it would 
be preferable to smooth more in the tangential direction T than in the 
normal direction. Because of that we impose 



(2.3) 



lim 



c{s) 



or lim 



sc'js) 
c{s) 



If c(s) > with power growth, then (2.3 1 implies that c(s) 
s — > 00. The equation (2.1 1 is parabolic if 6(s) > 0. 



l/^/s as 



The assumptions imposed on c (s) are 



(2.4) 



Consider c(s) 



c : [0, 00) (0, 00) decreasing, 
c(0) = 1, c{s) 



as s 



00, 



b{s) = c{s) + 2sc'{s) > 0. 



/l+s 



an often used function satisfying (2.4 1. Because of 

the behavior c(s) « as s ^ 00, it is not possible to apply general 

results from parabolic equations theory. An appropriate framework to 
study this equation is nonlinear semigroup theory (see |Al iBllD]). 



3. Pseudo-linear superposition principle for Perona and Malik 
equation 

Let [a, 6] be a closed (in some cases semiclosed) subinterval of [— cx), -f^cx^]. 
We consider here the total order < on [a,h]. The operation (pseudo- 
addition) is a commutative, non-decreasing, associative function © : [a, h\ x 
[a, h] —f [a, b] with a zero (neutral) element denoted by 0. Denote [a, b]_^^ = 
{x : X S [a, &] , a; > 0}. The operation (pseudo-multiplication) is a 
function : [a, b] x [a, b] —^ [a, b] which is commutative, positively non- 
decreasing, i.e., X < y implies xQ z < y Q z, z G [a, &]i , associative and for 
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which there exist a unit element 1 G [a. fe] , i.e., for each [a,b] ,lQx = x. 
We assume a; = and that is distributive over 0, i.e., 

xQ{y®z)^{xQy)®{xQz) 

The structure ([a, b] , ©, 0) is called a semiring (see [H [O]). In this paper 
we shall consider only the min-plus (or tropical) semiring. It is defined 
on the interval (— cx),+cx)] and has the following continuous operations: 
X (B y = min {x, j/} , x Q y = x + y. Note that the pseudo-addition is 
idempotent, while the pseudo- multiplication is not. We have = —oo and 
1 = 0. 

We show that the pseudo-linear superposition principle holds for Per- 
ona and Malik equation. 

Theorem 3.1. Ifui — ui (t,x) and U2 = U2 {t,x) are solutions of the 
equation 

(3.1) ^~div(c{\Vu\^)Vu)^Q, 

then (Ai Mi) (A2 U2) is also a solution of \3. 1\ on the set 

D = {(i, x) \t e (0, T) , x e ui {t, x) ^ U2 (t, x)}, 

with respect to the operations = min and = +. 

The obtained results will serve for further investigation of the weak 
solutions of the equation (3.11 in the sense of Maslov [Gl |H] and Gondran 
[El If] , as well as some important applications. 
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Tropical analysis on plurisub harmonic singularities 

Alexander Rashkovskii 



1. Plurisubharmonic singularities 

Recall that an upper semicontinuous, real-valued function on an open set 
in C" is called plurisubharmonic (psh) if its restriction to every complex 
line is a subharmonic function. A basic example is log |/| for an analytic 
function /. Moreover, by Bremermann's theorem [l], every psh function 
u can be written as 



u{z) = lim sup lim sup — log \fm{y) \ ■ 

y-^z m — '■oo ^ 
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Let /q denote the ring of germs of analytic functions / at e C", and 
let TTio = {/ € /q : /(O) = 0} be its maximal ideal. The log-transformation 
/ 1-^ log I/I maps /q into the collection of germs of psh functions at 0. 

We will say that a psh germ u has singularity at if w(0) = — oo. For 
functions u = log |/| this means / G mo; asymptotic behaviour of arbitrary 
psh functions can be much more complicated. By PSHGq we denote the 
collections of all psh germs singular at 0. 

The operations on /q induce a natural tropical structure on PSHGq 
with the addition u(Bv := m.ax.{u,v} (which is based on Maslov's dequan- 
tization: f + g ^log\f^ + — > log|/| ® log j^j as A'' — > oo) and 
multiplication u(E) v := u + v (simply by fg i-^ log \ fg\ = log |/| (g) log \g\). 
Thus PSHGq becomes a tropical semiring, closed under (usual) multipli- 
cation by positive constants. 

A partial order on PSHGq is given as follows: m ^ u if u{z) < v{z) + 
0(1) as z ^ 0, which leads to the equivalence relation u ~ i> if u{z) = 
v{z) + 0{l). The equivalence class cl(u) of u is called the plurisubharmonic 
singularity of the germ u. The collection of psh singularities PSHSq = 
PSHGq/ ~ has the same tropical structure {O,®} and the partial order: 
cl{u) < cl{v) ifu ^ V. It is endowed with the following topology: cl(uj) 
cl{u) if there exists a neighbourhood w of and psh functions Vj € cl{uj), 
V € c[{u) in Lu such that vj ^ v in L^{u)). 

By abusing the notation, we will right occasionally u for cl{u). 



2. Characteristics of singularities 

The main characteristic of an analytic germ / € rao is its multiplicity (van- 
ishing order) m/ : ii f = ^ Pj is the Taylor expansion of / in homogeneous 
polynomials, Pj{tz) = fJ P{z), then rrij = mm{j : Pj ^ 0}. 

The basic characteristic of singularity of u € PSHGq is its Lelong 
number 

u(u)= lim -M(w,f) = liminf-^^ = dd"wA(d#log|z|)"-i(0); 

t^ — oo t z— >0 log \Z\ 

here M(u, t) is the mean value of u over the sphere {|z| = e*}, d = d + d, 
df^ = {d — d)/2'Ki. If f & mo, then i^(log |/|) = m/. This characteristic of 
singularity gives an important information on the asymptotic behaviour of 
u at 0: u{z) < i^(?i) log |z| + 0(1). 

Since i'{v) = i^{u) for all v G cl(u), Lelong number can be considered 
as a functional on PSHSq with values in the tropical semiring M+(min, +) 
of non-negative real numbers with the operations x®y = min{x, y} and 
X y = X + y. As such, it is 
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(i) positive homogeneous: ^{cu) = ci>{u) for all c > 0, 

(ii) additive: v{u(B v) — i^{u)(Bi'{v) , 

(iii) multiplicative: ^{u (8) f ) = i^{u) i^iv), and 

(iv) upper semicontinuous: iy{u) > limsup j^(uj) if uj u. 

Lelong numbers are independent of the choice of coordinates. Let us 
now fix a coordinate system (centered at 0). The directional Lelong number 
of u in the direction a G (introduced by C. Kiselman [5]) is 

1 , , u(z) 

(2.1) v(u,a) = lim -M(uAa) = liminf - — ^— , 

^ ^ ^ ' ' t^-oo t ^ ' ' z^a 0a(z)' 

where M{u, to) is the mean value of u over the distinguished boundary 
of the polydisk {|zfc| < exp{tak)} and (paiz) = (BkO^ log|zfc|. It has 
the same properties (i)-(iv), and the collection {v{u,a)}a gives a refined 
information on the singularity u. In particular, v{u) = v{u^ (1, . . . , 1)). 

A general notion of Lelong number with respect to a plurisubhar- 
monic weight was introduced by J. -P. Demailly Let tp G PSHGq 
be continuous and locally bounded outside 0. Then the mixed Monge- 
Ampere current d(Fu A (dd'^tp)"^^ is well defined for any psh function u 
and is equivalent to a positive Borel measure. Its mass at 0, j^(u, ip) = 
dd'^u A ((id'^(^)"~^({0}), is called the generalized Lelong number, or the 
Lelong-Demailly number, of u with respect to the weight tp. Since it is 
constant on cl{u), we have a different kind of functional on PSHSq. It 
still has the above properties (i), (iii), and (iv), however in general is only 
subadditive: ly^uQVjip) < v{u,ip)®i>{v,(f). 

Note that v{u, a) = ai . . . a„ v{u, (pa)- 



3. Additive functionals 

Another generalization of the notion of Lelong number was introduced in 
|12j . Let (p G PSHGq be locally bounded and maximal outside (that is, 
satisfies (dd'^ip)'^ = on a punctured neighbourhood of 0); the collection of 
all such germs (weights) will be denoted by MWq. The type ofuE PSHSq 
relative to ip £ MWq, 

a{u,ip) = lim inf ^ | , 
z^o ip(z) 

gives the bound u < a{u, (p)(p. 

This functional is positive homogeneous, additive, supermultiplicative, 
and upper semicontinuous. Actually, relative types give a general form for 
all "reasonable" additive functionals on PSHSq: 
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Theorem 3.1. (Jl2j) Let a functional a : PSHSq [0,oo] be such 

that 

1) a{cu) = ccr(u) for all c > 0; 

2) a{®Uk) = ®cr{uk), k = 1,2; 

3) if Uj — > u, then limsup (7{uj) < (t(u); 

4) a(log|z|) >0; 

5) cr(u) < oo if u ^ ~oo. 

Then there exists a weight if £ MWq such that cr{u) — a{u, ip) for every 
u e PSHSq. The representation is essentially unique: if two maximal 
weights ip and ij) represent a, then cl(y) = c\{i]^). 

4. Relative types and valuations 

Recall that a valuation on the analytic ring /q is a nonconstant function 
/i : /q ^ [0, +oo] such that 

M/i/2)=A*(/i) + m(/2), M(/i + /2)>niin{Ai(/i),M/2)}, m(1) = 0; 

a valuation /i is centered if > for every / e mo, and normalized if 
niin{/i(/) : / G mo} = 1. Every weight g MWq generates a functional 
CT,^ on /o, (J^pif) = (^ilog I/I, (^), with the properties 

<jAh + h) > mm{cr^{fi),(T^{f2)}, a^{l) = 0. 

It is a valuation, provided a{u, ip) is tropically multiplicative; a,_p is 
centered iff o-(log \z\,ip) > 0, and normalized iff cr(log \z\,(p) — 1. 

One can thus consider linear (both additive and multiplicative) func- 
tionals on PSHSq as tropicalizations of certain valuations on fQ. 

For example, the (usual) Lelong number is the tropicalization of the 
multiplicity valuation m f . The types relative to the directional weights (/)a 
are multiplicative functionals on PSHSq, and cr^^ are monomial valuations 
on /q] they are normalized if min^ = 1. It was shown in [4\ that an 
important class of valuations (quasi-monomial valuations, or Abhyankar 
valuations of rank 1) can be realized as cr^ with certain weights ip G AIWq; 
when n = 2, all other centered valuations are limits of increasing sequences 
of the quasi- monomial ones |3]. 

5. Local indicators as Maslov's dequantizations 

Consideration of psh germs is the first step of Maslov's dequantization of 
analytic functions 'o 9 / ^ log |/| S PSHGq. One can perform the next 
step - namely, passage to the logarithmic scale in the arguments z. 
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For a fixed coordinate system at 0, let a) be the directional Le- 



long numbers of u G PSHSq in the directions a £ M" (2.11. Then the 
function V'u(^) — "'^{u, —t), t £ K" , is convex and increasing in each tk, 
so ■!/'„(log jzil, . . . , |z„|) can be extended (in a unique way) to a function 
^„(z) plurisubharmonic in the unit polydisk D" = {zGC": |2;fe|<l,l< 
k < n}. This function is called the local indicator of u at [7]. It is easy 
to see that it has the homogeneity property 
(5.1) 

^'„(zi, . . . , Z„) = ^-^dzil, . . . , |Z„|) = C ^■^u{\ziW IZnl") Vc > 0. 

It was shown in [9 that ^'^(z) can be represented as the (unique) weak 
limit of the functions to~^m(z™, . . . , z™) as m ^ oo, so the indicator can 
be viewed as the tangent (in the logarithmic coordinates) for the function 
u at 0. This means that for u = log|/|, / S mp, the sublinear function 
tfju{t) on is just a Maslov's dequantization of /. 

The indicator is a psh characteristic of asymptotic behaviour near 0. 
Namely, if u is psh in the unit polydisk D", then u{z) < ^'„(z) + suppu. 
When u has isolated singularity at 0, this implies the following relation 
between the residual Monge-Ampere masses: (d(i'^u)"(0) > (c?d^^'„)"(0). 

Since \E'„ is much simpler than the original function u, one can com- 
pute explicitly the value of its residual mass. The first equation in ( |5.1| 
suggests us to pass from plurisubharmonic functions to convex ones and 
from the complex Monge-Ampere operator to the real one, while the sec- 
ond equation allows us to calculate the real Monge-Ampere measure in 
terms of volumes of gradient images. Denote 

e„,, = {be R'l : sup [j^{u, a) ~ {b, a)] > 0}. 

The convex image ipu{t), t E M", of the indicator is just the support 
function to the convex set r„ ~ M" \ Qu,x- i'ui't) = sup{(t,a) : a e r„}. 
This gives 

Theorem 5.1. (|9]) The residual Monge-Ampere mass ofu E PSHGq 
with isolated singularity at has the lower bound 

{dd-uno) > {dd-^xm = voi(e„,,). 

If = (/i, . . . , fn) is a holomorphic mapping with isolated zero at 
0, then its multiplicity at equals (dd'^ log |F|)"(0) and the set Tiogi^^i 
is the convex hull of the union of the Newton polyhedra convja + M" : 
D^"^fj{0) ^ 0} of fj at 0, 1 < j < n. In this case. Theorem 2 gives us 
Kushnirenko's theorem on multiplicity of holomorphic mappings ^ . 
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The results on local indicators have global counterparts concerning psh 
functions of logarithmic growth in C" (i.e., u{z) < yllog(l + + B every- 
where in , a basic example being logarithm of modulus of a polynomial) , 
see |10j and Similar notions concerning Maslov's dequantization in 

and generalized Newton polytops were also introduced and studied in 
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Minimal elements and cellular closures over the max-plus 

semiring 

Sergei Sergeev 

This report is based on the publications 2 (part 1) and \J_^ (part 2). In 
part 1, I outline some simple consequences of the observation that ex- 
tremals are minimal elements with respect to the certain preorder rela- 
tion. Part 2 is occupied with some extensions of algebraic closure op- 
eration, which arise from the cellular decomposition considered in [3]. 
The common feature of these works is a bit of interplay between max- 
algebra [l] and tropical convexity [3], |5]. All results are obtained in the 
setting of M^J^j^^j^j, the n-dimensional free semimodule over the semiring 

Rmax,m = (M+ , ® = max, = *) . 

1. Extremals as minima 

An element u of a (sub)semimodule K C W^^^^ is an extremal, if u = 
X (B y, x,y £ K implies that u — x or u ^ y. The preorder relation <j is 
defined by 

(1.1) u <j V Uj 7^ 0, Vj ^ 0, u/uj < v/vj. 

The role of <j is explained in the following. 

Proposition 1.1. [5[|2] The following are equivalent: 

(1) y is a (max-)linear combination of x^, . . . , G I^max m/ 

(2) for any j £ supp{y), there exists some from x^,. . . , x™ such 
that <j y. 

Proposition 1.2. [2] Let a semimodule K he generated by a subset S 
ofW^^^^. The following are equivalent. 

(1) y is an extremal of K; 

(2) for some j , this y is a minimal element of S ( and, equivalently, 
of K) with respect to < j . 

Proposition 1 1 . 2 1 enables to treat idempotent extremals as minima. The 
problem of finding partial maxima (and minima) in n-dimensional real 
space was investigated by F. Preparata et al. |6j. The following estimate 
is derived from their results. 



^Supported by the RFBR grant 05-01-00824 and the joint RFBR/CNRS grant 
05-01-02807. 



50 



Sergei Sergeev 



Theorem 1.3. [5^(for n = 3),[2J Let K he a semimodule in 
generated by k elements. The problem of finding all extremals of K re- 
quires not more than 0(fclog2fc) operations, if n = 3, and not more than 
0(fc(log2 k)'"~^ operations, if n > 3 (with n fixed). 

Propositions |1.1| and |1.2| imply a number of statements for generators 
of idempotent semimodules in K^ax m; see [2] for details. Here I mention 
two of them. 

Theorem 1.4. [8j [2] Let K be a semimodule in Kmax m generated by 
S, and let E be the set of extremals of K such that \ \u\ \ = l[^/or all u (z E. 
Then S = EUF, where F is redundant in the sense that S ~ {u} generates 
K for any u £ F. 

As a corollary, the weak basis of a semimodule is essentially unique 
whenever it exists. The following is a tropical version of Minkowski's 
theorem. 

Theorem 1.5. [4l [2] ^4 closedsemimodule in M^Jj^x m generated by 
its extremals. 

2. Cellular closures 

Algebraic closure of a square matrix A is the series / © A® ® . . ., where 
/ is the identity matrix. This series converges iff X{A) < 1, where A(^) is 
the maximal cycle mean of A. This X{A) is also the maximal eigenvalue 
of the problem Ax — Xx. The corresponding eigenspace will be denoted 
by eig(^). 

The following theorem and its corollary are the "ground stone" of this 
section. 

Theorem 2.1. [7 Let A and B be two square matrices such that 
X{A) < 1 and X{B) < 1. Then A* = B* iff the spaces generated by 
columns of A* and B* coincide. 

A square matrix A is definite, if X{A) — 1 and all the diagonal entries 
equal 1. 

Corollary 2.2. Let A and B be two definite matrices. Then A* ~ B* 
iff eig{A) = eig{B). 

I consider now the concepts of [3]. Let A be an n x m matrix over 
IRmax.m and y an n-component vector. Denote the collection 5' = {5^ : j € 



'the choice of norm does not matter 
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supp(2/)}, where Sj = {i: y >j A.i}, by type(y | A) and call it the combi- 
natorial type of y with respect to A. Combinatorial types can be formally 
defined as arbitrary collections of not more than n possibly empty subsets 
of {1, ... , m}. Denote the set of indices i, whose St are present in the type, 
by supp(S'). If 5 = type{y \ A) for some y, then supp(S') = supp(?/). The 
types are partially ordered by the rule S" C 5' if supp(S") C supp(S') and 
Si C S'i for all i e supp(S'). The set 

= {z: S C type(z | A)} 

is the region of S. If Aik ^ for all i Cz Sk, then S is compatible and we 
introduce the matrix A^ by 

{®kes, A.k/A.k, if i esupp(S') and ^ 0; 
Gi, if i esupp(S') and Si = 0; 

0, if t ^supp(S'). 

If the region is not empty, then X^ = eig(^'^). Hence any region is 



(essentially) the eigenspace of a definite matrix, and we use Corollary 2.2 



Theorem 2.3. // S" and T are (compatible) types such that X^ and 
X^ are not empty and X^ = X'^ , then {A^)* = {A^f . 



Theorem 12.31 enables to define various cellular closures of A to be 
[A^Y . This operation is correctly defined for every region, being indepen- 
dent of the type. 

Consider now the case when A is a square n x n matrix with a permutation 
a whose weight 0"=i^iCT(i) is nonzero. A permutation with maximal weight 
is called maximal. We define D°' to be the matrix such that D^- — Aij if 
j — a{i) and Dij = otherwise. If a is maximal, then {D'^)^^A is definite 
and is called the definite form of A [7] . Different maximal permutations 
lead to different definite forms. But we have that eigenspaces of all definite 



forms coincide (see [7]), and by Corollary 2.2 closures of all definite forms 
are equal. 

Thus, for any square matrix A with nonzero permutations, we can define 
its definite closure to be (D'^)^^A)*, where cr is a maximal permutation. 
Definite closure is a cellular closure, since eig((I?°')^^A) is the same as X^ 
with S = ({ct(1)}, . . . , {a{n)}), where a is any maximal permutation. 
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Semiclassical quantization of field theorieqj 

Oleg Yu. Shvedov 

§1. It is well-known that equations of quantum field theory (QFT) 
are ill-defined [1]. One usually investigates the perturbative QFT instead 
of "exact" QFT: all quantities are presented as formal series in a small 
perturbation parameter; the QFT divergences are eleminated within a 
perturbation framework only. 

Semiclassical approximation [2\ may be also viewed as an expansion 
in a small parameter. Since the well-defined results are obtained within 
the perturbation theory, it seems to be more reasonable to talk about 
semiclassical quantization rather than semiclassical approximation. 

Consider the field theory model with the Lagrangian C depending on 
the small parameter h ("Planck constant") as follows [3] (the scalar case 
is considered for the simplictiy): 

(1) C=^d^^d^^^^Vi^^). 
with V{^) being a scalar potential. 



^Supported by the RFBR grant 05-01-00824 and the joint RFBR/CNRS grant 
05-01-02807. 
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In the formal quantum theory, field <^(x) and momentum 7r(x) are 
viewed as operators satisfying the canonical commutation relations. Semi- 
classical states depend on the small parameter h as: 

(2) ^^^{t) ~ gT:S{t}^:}j; I d^[ni^,t)vi^)-'fi^.tM^)] 

Here S{t) is a real c-number finction of t, <i>(x,t) and n(x,t) are classical 
fields and canonucally conjugated momenta, i^(x) and 7r(x) are quantum 
field and momentum operators, f{t) is a regular as h —^ state vector. 

Superpositions of states ^ are also viewed as semiclassical states. 

Presentation of semiclassical form in the form ^ is not manifestly 
covariant. There are space and time coordinates. It happens that the 
manifestly covariant form of the state Q is the following: 

(3) * ~ ei^Texp{^ J dxJ{x)^h{x)}J = e^^THJ. 

Here S' is a real number, J{x) is a real function (classical Schwinger source), 
ifhix) is a Heisenberg field operator, / is a state vector being regular as 
/i — + 0. The Schwinger source J{x) should be rapidly damping at space 
and time infinity [4] . 

§2. Investigate properties of the semiclassical state (|3|. First of all, 
note that the state Tj^^^^f can be expressed via the operator Tj. To 
do this, it is necessary to investigate the operator 

at'' 

(4) ^^{x\J)^-^h{T!})+ ' 



5J{x) ■ 

It happens to coincide with the well-known LSZ R- function [Sj. 
Notice that J) is expanded in \/h; one writes 

(5) ^b{AJ) = '^RiAJ) + ^<^''r\x\J) + ... 

The c-number function <i>/j(x| J) is called as a retarded classical field gen- 
erated by the Schwinger source J. It is shown in [6 that for the model ([T|) 
^ii{x\J) is a solution of the equation 

(6) d,,d^<^R{x\j) + v\<^R{x\j))^j{x), 'i>flL<.„ppj = o. 

which vanishes as x^ — > —oo. 

The following properties are corollaries of Q. 

1. The Hermitian property 

(7) ^tix\J)^^R{x\J). 

2. The Poincare invariance property 

(8) Ug-^^R{x\Ugj)Ug = ^R{WgX\j). 
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3. The Bogoliubov causality property [1 : R-fimction ^fj{x\J) de- 
pends only on the source J at the preceeding time moments. Making 
use of the standard notations a; > y iff x° — > |x — y|, a; < y iff 
2;0„jyO |x — y|, x^yiff|a;° — y°| < |x — y|, one rewrites the Bogoliubov 
condition as 

SJ{y) y^"^- 

4. Commutation relation 



(10) [^j,{x\J);^j,iy\J)]^-2h 



V 6Jiy) 5J{x) 



5. Boundary condition at — oo. li x'^y for all y e suppj, the LSZ 
R-functiion does not depend on the source: 

(11) '^j^{x\J) — (fh{x)vli, x^ suppJ. 

In particular, the classical retarded field vanishes as x^ —oo. 

Making use of the operator Q, one can construst the semiclassical 
field: 

t(x| J) = (r))+^,(a;)T) 
coincides with ^ji{x\J) at x° — + +00: 

(12) ^{x\J) =^j^{x\J), x'^ suppJ. 

§3. Another interesting feature of semiclassical states is that some 
of them are approximately equal each other. We say that J ~ iff 

(13) T'}-J^e^T^Wj] 

for some number I j and operator W_j presented as a formal asymptotic 
series. 

It is shown in [6j for the model (jlj that the source J is equivalent to 
zero iff the retarded field generated by J vanishes at +00. 
Analogously to [6], one derives the following properties. 

1. Poincare invariance. 

(14) UgWjU,-.^W^^j, lu^j^lj; 

2. Unitarity 

(15) W+ = Wj'; 

3. Bogoliubov causality: as J + A J2 ^ 0, J + A Ji + A J2 ^ and 
suppAJ2^suppAJi, the operator 
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and number 



(2^,7+A,/J + W^,7+A,A+A,7. 



do not depend on A J2. 

4. Variational property: 



(16) 



SIj ~ ihW-^SWj = J dx^ji{x\J)SJ{x), 



which is valid as J ~ and J + SJ 
5. Boundary condition at +00: 



(17) 



'hW, 



X ^ suppj. 



It follows from (17) that the retarded classical field generated by the 
source J ~ will vanish at +00. For the model (jlj, an inverse statement 
is also valid: for any field configuration <&c(a^) with the compact support 
one can uniquely choose a source J ~ (denoted as J = = J{x\^c)j 
for example ([TJ, it is found from the relation ^) generating ^c{x) as a 
retarded classical field: ^d^) = ^Rix\J); it satisfies the locality condition 
^SSr = as X ^ y. 

It is possible to treat this statement as a basic postulate of semiclas- 
sical field theory. Then the theory may be developed without additional 
postulating classical stationary action principle and canonical commuta- 
tion relation. 



Namely, it follows from eq.(16) in the leading order in h that the 
functional 



(18) 



dxJ<i,^{x)^c{x) 



satisfies the "classical equation of motion" 



(19) 



The functional /[$] should satisfy the locality condition 



(20) 



0. x^y 



S<i>c{x)6<^ciy) 

This means that it is presented as an integral of a local Lagrangian. 



Relation ( 19 ) allows us to reconstruct the classical retarded field, mak- 



ing use of known source J ~ 0, since the boundary condition at —00 is 
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known. It follows from the Bogoliubov causality condition that the re- 
tarded field depends only on J at the preceeding time moments. If the 
sourse J{x) is not equivalent to zero, it can be modified at +00 and trans- 
formed to the sourse equivalent to zero. Therefore, the relation 

(21) ^[^B.{-\J)]^-J{X), ^rUsuppJ^O 



'suppj, the property (21 ) is taken 
to the classical field equation 

(22) ^Igl*'-!-"!-"' 

This is a classical stationary action principle. It is viewed a corooUory of 
other general principles of semiclassical field theory. 

Thus, we see that classical action I[^c] in field theory is related with 
the phase of the state Tjf as J ~ according to eq.( 18 1. 

Let us rewrite the properties of the operator Wij via the field $c- 
Denote J = Wj^^ . 

1. Poincare invariance. 

(23) UgW['^>c]Ug-i=W[ua'^c]- 

2. Unitarity. 

(24) W+[<i>c] = {W[<i>c])-^. 

3. Bogoliubov causality. 

4. Yang-Feldman relation [7]. 

5. Boundary condition. 



(27) W+[^c]Mx)VhW[^c]^^R{x\J^J, x^supp^^ 



C-l 



Here <f>h{x) = ^fl(a;|0) is the field operator without source. 

§4. The covariant axioms of semiclassical field theory are as follows. 
CI. A Hilbert state space T is given. 

C2. An unitary represatation of the Poincare group is given. The 
operators of the representation lJ_g : T T are asymptoitc series in \fh. 

C3. To each classical source J{x) with compact support one assignes 
a retarded field (LSZ R-function). It is an operator-valued distribution 
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§Lfl{x\J) expanded in \fh according to It satisfies the properties ([T]), 

C4. To each classical field configuration <&c(2;) with compact support 
one assigns a c-numher. It is a classical action /[$c] satisfying the locality 
condition (20 I. The property '^c{x) = '^r{x\J) is valid iff 

5mc] 



(28) 



J{x) 



5<^c{x)' 



C5. To each classical field configuration '^c{x) with compact support 
one assigns the operator W_[^c] expanded in \fh. It satisfies the relations 
(H), ([25|, ([26]), (|27|. 

It is possible to develop a semiclassical perturbation theory, making 
use of these properties. 



Bibliography 

[1] N.N.Bogoliubov, D.V.Shirkov. Intoduction to the Theory of Quantized Fields. N.- 

Y., Interscience Publishers, 1959. 
[2] V.P.Maslov. Perturbation Theory and Asymptotic Methods. Moscow, Moscow 

University Press, 1965. 

V.P.Maslov. Operational Methods. Moscow, Mir publishers, 1976. 

V.P.Maslov. The Complex-WKB Method for Nonlinear Equations. Moscow, 

Nauka, 1977. 

V.P.Maslov, O.Yu.Shvedov. The Complex Germ Method for Many-Particle and 
Quantum Field Theory Problems. Moscow, Editorial URSS, 2000. 
[3] R.Jackiw, Rev.Mod.Phys. 49 (1977), 681. 

[4] J.Schwinger. Particles, Sources and Fields. Addison- Wesley. 1970. 

[5] H.Lehmann, K.Symanzik, W.Zimmermann. Nuovo Cim. 6 (1957) 319. 

[6] O.Yu.Shevdov. Teor. Mat. Fiz 144 (2005) 492. 

[7] O.I.Zavialov. Renormalized Feynmann Graphs. Moscow, Nauka, 1979. 



Convex analysis, transportation and reconstruction of 
peculiar velocities of galaxie^ 

Andrei Soholevskii 

We show how the problem of reconstruction of peculiar velocities of galax- 
ies starting from redshift-space catalogues can be rendered as a convex 
quadratic optimization problem, invoking optimal transport techniques 



^Supported by the joint RFBR/CNRS grant 05-01-02807. 
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for efficient large-scale astrophysical data processing. Connection with 
tropical algebra is briefly discussed. 



The Weyl algebra and quantization of fields 

Alexander V. Stoyanovsky 

In this talk we present a logically self-consistent procedure of quan- 
tization of fields. In more detail our approach is exposed in the papers 
[1,2] and in the book [3]. As a basic example we use the (p'^ model in 
4-dimensional space-time. 

1. Difficulties of traditional approaches to quantum field theory 

Let us briefly discuss the logical contradictions in the known procedure of 
quantization of fields. Usually one starts with the action functional 

(1.1) J = J F{x°,...,x'\u\...,u"',ulo,...,u^„)dx° ...dx"", 

where x*' = t, x^, . . . , are the independent variables, u^, . . . , are the 



dependent variables, and = For the ip^ model the action has the 
form 




(1.2) J= / { ^ {u^t "Yl^l, -m^u^j _ ^gu'^j dtdx^dx'^dx^. 
One writes down the quantum field theory Schroedinger equation 

where x = (xi, . . . , a;„); the density of the Hamiltonian H is the Legendre 
transform of the Lagrangian F with respect to the variables uj; ^^f^^^ is 
the variational derivative operator. 

Note that the Schroedinger equation is not well defined in quantum 
field theory even for the free scalar field (g = in (2)). For example, if 



we consider mathematical equation (1.3 1 literally, then it is not difficult to 



check that this equation has no nonzero four times differentiable solutions 
(the expression for the derivative ^rS has no sense). The traditional ap- 



proach is to "subtract infinity" from the RHS of equation ( 1.3 1 and to solve 
it in the Fock space of functionals. However, this approach contradicts 
physical as well as mathematical considerations. Physically, if states were 
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functionals and energy were finite, then, in principle, we could measure 
some quantities related with these functionals (such as energy). However, 
it is known that quantum mechanical quantities like energy and momen- 
tum are theoretically non- measurable in relativistic quantum dynamics, 
and the only measurable quantities are the scattering sections. Mathe- 
matically, equation ( 1.3 1 in the Fock space does not admit a relativistically 
invariant generalization (usually called the Tomonaga-Schwinger equation 
[4]), as shown in the important paper [5]. In this paper it is shown that the 
evolution operators of the Klein-Gordon equation from one space-like sur- 
face to another, which are symplectic transformations of the phase space of 
the field, do not belong to the version of the infinite dimensional symplectic 
group which acts on the Fock space. 

So quantization of free fields, for example, following the lines of the 
book [4], meets difficulties of the logical kind and is therefore not com- 
pletely satisfactory. Due to this fact, the renormalization procedure for 
interacting fields, defined using the Bogolyubov-Parasyuk theorem, gives 
us a model in which it is difficult to say how quantum field theory turns 
into the classical one as ft. 0. 



2. The infinite dimensional Weyl algebra 

The proposed way to overcome these difficulties is to replace the algebra of 
variational differential operators by the infinite dimensional Weyl algebra 
defined below, which admits an explicit action of the infinite dimensional 
group of continuous symplectic transformations of the phase space of a 
field. This phase space is the Schwartz space of functions (it'(s),p'(s)), 
where p'(s) are the variables conjugate to u*(s), and s — (si, . . . , s„) are 
parameters on a spacelike surface, with the Poisson bracket 



(2.1) {c&i,^^}^^! 



ds 



of two functionals <&;(-«'(•), p*(-)), / = 1,2. Let us write this bracket in the 
form 

where = u' for 1 < i < m and = p*^™ for m + I < i < 2m, and 
w'-' = Sij-m — Si-m,j- The Weyl algebra is defined as the algebra of weakly 
infinite differentiable functionals <&(«'(•), p'(-)) with respect to the Moyal 
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^-product 
(2.3) 

($i*$2)(yX-)) 



exp 



ih 



z'i-)=yH-) 

This product is not everywhere defined: for example, it'(s) *p^{s) is un- 
defined. Note only that if all necessary series and integrals are absolutely 
convergent, then the *-product is associative. Below we will be interested 
only in some concrete computations in the Weyl algebra. 



Let us replace the Schrodinger equation ( 1.3 1 by the Heisenberg equa- 
tion in the Weyl algebra 



(2.4) 



i7(i,x,^.Xx),|^,p'(x))rfx,<i> 



and by its relativistically invariant generalization, where 
(2.5) [<i>i, <i>2] = <I>i * $2 - <&2 * 

is the commutator in the Weyl algebra. The classical limits of equation 



(2.4) are the Hamilton equations 

(2.6) — = {^^jHd^) 

equivalent to the Euler-Lagrange equations. 

3. Quantization of free scalar field 

Put g — Q in (1.2). Since the obtained Hamiltonian 
r 1 

-(p(x)^ -I- (gradu(x))^ -I- m^u(x)^)(ix 



(3.1) Ho = 

is quadratic, we have 
(3.2) 



1 

ih 



hence, <&(ti; u(-),p(-)), subject to the Heisenberg equation, is obtained from 
<I>(to; m(-),p(-)) by the linear symplectic change of variables 

(3.3) (u(to,x),p(<o,x) = ut{tQ,x)) (u(ii,x),p(ii,x) = Uf(ii,x)), 

given by the evolution operator of the Hamilton equations, i. e., of the 
Klein-Gordon equation, from the Cauchy surface t — to to the Cauchy 
surface t = ti. Hence we can identify the Weyl algebras of various Cauchy 
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surfaces by means of evolution operators of the Klein-Gordon equation. 

In other words, wc can consider the Wcyl algebra Wq of the symplcctic 
vector space of solutions u{t, x) of the Klein-Gordon equation on the whole 
space-time. The symplectic form on this vector space is obtained by taking 
Cauchy data on any spacelikc surface (for example, on the surface t = 
const). Below we will fix this identification of the Weyl algebras of various 
spacelike surfaces. 

Define the vacuum average linear functional 



on the Weyl algebra Wq as the unique (not everywhere defined) functional 
with the properties 



(3.5) (0|4>*?i_(<,x)|0) = (0|u+(t,x) *$|0) 0, (0|1|0) = 1. 



Here u = ?y,+ + (/_ is the decomposition of a solution u{t, x) of the Klein- 
Gordon equation into the positive and negative frequency parts (we assume 
m > so that this decomposition is unique). For $ e Wq, define an 
operator in the standard Fock space with the matrix elements 

(3.6) (0|u_(-p'(l)) • • • U-(-p'(Ar')) M+(P(1)) • . .U+(p(Ar))|0). 

Here u±{p) is the Fourier transform (the momentum representation) of 

U±,P= {po,---,Pn)- 

One can check the following two properties of this correspondence: 

i) *-product of functionals $ goes to composition of operators in the 
Fock space, so that this correspondence is a (not everywhere defined) ho- 
momorphism from the algebra Wq to the algebra of operators in the Fock 

space; 

ii) complex conjugation of functionals $ goes to Hermitian conjugation 
of operators in Hilbert space. 

4. Qucintization of interacting fields 

Statement. There exists a map from the set of smooth functions g = 
g{t,x) with com.pact support to the set of functionals P{g) G Wq with the 
following properties. 

1 ) P{g) is a formal series in g with the first two terms 



2) Classical limit: P{g) = a(g, h) exp(iR{g)/h) where a(g,h) is a for- 
mal series in h, and conjugation by exp{iR{g)/h) in the Weyl algebra Wq 



(3.4) 



$ ^ (0|$|0) 



(4.1) 
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up to 0{h) yields the perturbation series for the evolution operator of the 
nonlinear classical field equation 

(4.2) - m^uix) = g{x)u^{x)/3\ 

from t = — oo to t — oo. 

3) The Lorentz invariance condition: 

(4.3) LP{L-'g) = P{g) 

for a Lorentz transformation L. 

4) The unitarity condition: 

(4.4) P{g)*P{g) = l, 

where P{g) is complex conjugate to P{g). 

5) The causality condition: for two functions gi,g2 equal fort < to, the 
product P{gi) * P{g2)~^ does not depend on the behavior of the functions 
9i,g2 for t < to. 

6) The quasiclassical dynamical evolution ( cf. with the Maslov-Shvedov 
quantum field theory complex germ [6]): for any spacelike surfaces Ci, 
there exists a limit Pci.C2 of P{g) modulo o{h) as the function g{x) tends to 
1 if X belongs to the strip between the spacelike surfaces and to otherwise. 
This limit possesses the property 

(4.5) Pc,,c, = Pc,,c,*Pc„c, + o{h). 

7) The S-matrix: there exists a limit P of P{g) as g{x) tends to the 
function g = const. This P is a form,al power series in g. 

Any other choice of P{g) with the properties 1-1 above is equivalent 
to some change of parameters m, g{x) . 

This statement is completely similar to the Bogolyubov-Parasyuk the- 
orem. Moreover, if we denote by S{g) the operator in the Fock space 
corresponding to P{(j) and by S the operator corresponding to P, then 
^(g) is exactly the Bogolyubov S'-matrix and S is the physical S'-matrix. 
The elements P(g) are constructed in the same way as £'((/) in [4], using 
the renormalization procedure, the main difference being that composition 
of operators is replaced by ^-product of functionals, and the normally or- 
dered product of operators is replaced by the usual (commutative) product 
of functionals. 

Note that the conditions on P(.g) (in particular, the causality condi- 
tion) are the natural analogs of conditions on dependence of the evolution 
operator of a partial differential equation on the coefficient functions of 
this equation. Therefore the above apparatus is similar to the scattering 
theory in the theory of partial differential equations. 
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Note also that the presence of interaction cutoff function g{x) is nec- 
essary from the physical point of view, since the scattering particles are 
considered as non-interacting at infinity (which means that g = at infin- 

ity). 
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Polynomial quantization on para-hermitian spaces 
with pseudo- orthogonal group of translation^ 

Svetlana V. Tsykina 

We construct polynomial quantization, which is a variant of quantization 
in spirit of Berezin, on para-Hermitian symmetric spaces G/H with the 
pseudo-orthogonal group G = SOo{p,q). For all these spaces, the con- 
nected component of the subgroup H containing the identity of G is 
the direct product SOo(p — !,</ — 1) x SOo(l,l), so that G/H is covered 
by G/He (with multiplicity 1, 2 or 4). The dimension oi G/H is equal to 
2n — 4, where n = p + q. We restrict ourselves to the spaces G/H that are 
G-orbits in the adjoint representation of G. 

A construction of quantization on arbitrary para-Hermitian symmetric 
spaces was given in [2]. The term "polynomial quantization" means in 
particular that both covariant and contravariant symbols are polynomials 
on G/H. Following the general scheme of [2], we introduce multiplication 
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of covariant symbols, establish the correspondence principle, and study 
the Berezin transform. 

The polynomial quantization on rank one para-Hermitian symmetric 
spaces has been constructed in [3]. In this paper, we consider the spaces 
G/H with G = SOo(p, <?). Note that these spaces have rank 2. 



1. The pseudo-orthogonal group and its Lie algebra 

Consider the space M" equipped with the following bilinear form: 



i=l 



where Ai = . . . = Ap = —1, Ap+i = . . . = A„ = 1, and x — (xi, . . . , a;„), 
y = (j/i, . . . , yn) are vectors in K". 

Let G denote the group SOo (p, q) ■ This group is the connected com- 
ponent of the identity, in the group of linear transformations of M" that 
preserve [x,y] and have determinant equal to 1. We assume that G acts 
linearly on M" from the right: x s- xg. In accordance with that, we write 
vectors in the row form. We also assume that p > 1, g > 1. 

Let us write matrices g € G in the block form corresponding to the 
partition n ~ 1 + {n — 2) + 1. Denote by H the subgroup of G consisting 
of matrices 



(LI) 



where — = 1, u £ SO{p — l,q — 1). The subgroup H consists of two 
connected components. The connected component H^^, containing the unit 




matrix E of G consists of matrices ( 1.1 1, where a = cht, (5 = sht. Thus, it is 



SOo(p— 1, g— 1) X SOo(l, 1). The second connected component of i? (which 
does not contain E) contains the matrix diag {—1,-1,1,... ,1,-1,-1}, as 
a representative. 

The Lie algebra g of G consists of real matrices X of order n satis- 
fying the condition X'l + IX = 0, where / = diag {Ai, . . . , A„}, the prime 
denotes matrix transposition. 

Let 

(1.2) Zo = 
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The stabilizer of Zq in the adjoint representation is exactly the group H , 
therefore, the manifold G/H is just the G-orbit of the matrix Zq in g. 

The operator ad has three eigenvalues: —1,0,-1-1. Respectively, the 
Lie algebra q is decomposed into the direct sum of eigenspaces 

= q" + l) + q+, 

where f) is the Lie algebra of H . The subspaces q^, c|+ consist of matrices 
/0C0\ /Or/0 

\0-eO/ \0r/0 

respectively, where ^,77 are rows in M"^^. Both spaces q* are Abelian 
subalgebras of g, they have dimension n — 2. The subgroup H preserves 
both subspaces q~ and q"*" in the adjoint action: 

(1.3) Z ^ h-^Zh, heH. 



Let h £ H have the form (1.1 1. For simplicity, we identify matrices X^^ 
and Y,-i with vectors ^ and rj, respectively. Under the action (1.3 1 vectors 
^ e q^ and 77 e q+ are transformed as follows: 

(1.4) ^ I— !■ ^ = (a -|- f3)(^v, T] 1-^ rf ~ (a ~- I3)rjv. 

Consider the space M"^^ with bilinear form defined by the matrix 
h = diag{A2, . . . , A„_i}: 



2. Representations of G associated with a cone 

The group G — SOo(p, q) preserves manifolds [x, a;] = c, c e E, in M". Let 
C be the cone [a;, a;] 0, a; 7^ 0, in M". Let us fix two points in the cone: 
5+ = (1, 0, . . . , 0, 1), — (1, 0, . . . , 0, — 1). Consider the following two sec- 
tions of the cone: 



r+ = {.xi + a;„ = 2}=.{[a;,s-] = -2}, 
r- = {a;i-a;„ = 2} = {[a;,s+]--2}. 

The points belong to r+, respectively. They are eigen- 

vectors of the maximal parabolic subgroups P+ = Q^H and = Q^H 
respectively, with eigenvalues a — (3 and a + P, where a, P are parameters 
of h £ H, see (1.1 1. Here Q~ — expq~, Q+ — expq+. 
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The section meets almost all generatrices of the cone C. The linear 
action of G on the cone induces the following actions of G on and r+ 
respectively: 

(2.1) ^er-, 

(2.2) x^x^ - ^ -xg, xe r+, 

[xg,s \ 

defined almost everywhere on F*. For the subgroups Q~ and re- 
spectively, these actions turn out to be linear: x i— > xg. Moreover, the 
subgroups act on F* simply transitively. This allows to define the 
coordinates ^ — (^2, • • • , Cti-i) on F^ and 77 = (772, ... , Tjn-i) on F+ trans- 
ferring them from on q+ respectively, namely, for u G F^ and v G F"*" 
we set: 

(2.3) u = u(e) = ,s-e^« = (l + (e, 0,2^,-1 + (^,0), 

(2.4) V = u(r7) = s+e^" = (1 + (77, 77), 277,1 - (77,77)). 

The stabilisers in G of the points G F^ and s+ G F+ under the actions 



(2.1 ) and (2.2 1 are the subgroups P+ = Q^H and = Q~ H respectively. 

Let (T G C, e = 0, 1. Let I?(j_g(C) be the space of C°° functions / on 
the cone C with homogeneity a and parity e, i.e. 

f{tx) = t^'^fix), xeC, teR* = R\ {0}, 

where we denote f^'^ — jtj'^sgn'^t. Denote by Ta-^e the representation of G 
which acts on I?cr, e(C) by translations: (To-, ^(5)/) (x) = f{xg). 

Consider now the restrictions of functions from e(C) to the sections 
F*. Such restrictions form a space I?cr_e(F*) of functions / on F*. This 
space is contained in C°°{T^) and contains I?(F*). In the coordinates ^, 77, 
the representation T^-^ ^ of the group G acts on the space of restrictions 

(2.5) (T.,e(ff)/)(0 = /(C) 



(2.6) (T.,e(g)/)(77) = f(^)}A[vg,s- 



where u = u(C), v = v{rj) are defined by (2.3 1, (2.4), actions ^ ^ and 
77 1-^ ?7 are defined by ( [2!2| . 
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Define the operator Acr^e on ^^.^^(r*) by: 
(2.7) {A,,efm)= I iV(e,r7)'-"~"'^/(r7)dr;, 



where 

The function N(^,r]) is a polynomial in ^, r/. The operator ^o-, e inter- 
twines the representations T^_e and T2_„_a-, e- These representations act 
on functions on different sections. We can change the position of ^ and 77 



in (2.7 1. The product e^o-. e is a scalar operator: 

where 

, , o3^n-3 r(^+i)r(3-n-a) 

^ ' (2cr+n-2)sin(CT+f)7r 

. a—e . a—e+p . a+e+q . a+e+n 
X sm — - — TT • sm TT • sm tt • sm tt. 



3. The space G/H 

Consider the following realization of the space G/H. Let be the set of 
matrices: 

(3.1) 



[x, y] ' 

where x,y £ C, y* = ly'. For these matrices, rank and trace are equal to 
1. The adjoint action z g^^zg preserves f2. The stabilizer of the matrix 
z", corresponding to the pair x = ,y — , is the subgroup H, so that 
n is just G/H. 

Take vectors u = u{^) and v = v(ff} in the sections T~ and F'*' of 



the cone C, respectively, for x and y in (3.11 We obtain an embedding 
F~ X F+ — > given by 



(3.2) z = z(^,?7) = | u^u{^), v^v{t]), 



The map (u, v) 1 — > z given by formula ( 3.2 ) is defined for ^,1] G M" ^ such 
that N{^,r]) ^ 0, since [u,v] = -2N{^,r]). Therefore, vectors ^,77 G M""^ 
with the condition N{^, i]) ^ are local coordinates on il. The adjoint 
action of the group G on is generated by its actions on ^ and 77. For 
each g G G, this action is defined on a dense set of fi. 
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We can identify the tangent space of G/H at the initial point z° with 
the space q = + q+ in the Lie algebra g. Let S'(q) denote the algebra of 
polynomials on q. The action (1.3 1 of the group -ff on q induces an action 



of H on S'(q). Let S'(q)^ denote the algebra of polynomials invariant with 
respect to H . This algebra is generated by two polynomials rj) and 

Let HiG/H) denote the algebra of differential operators on G/H in- 
variant with respect to G. This algebra is in the one-to-one correspondence 
with the algebra 5'(q)-'^. Let A2 and A4 denote operators in D{G/H) cor- 
responding to generators {£,,!]) and {^jOiv^v) of S{q)^ respectively. Let 
us call these operators A2 and A4 the Laplace operators on G/H. The 
operator A2 is the Laplace-Beltrami operator. These operators are dif- 
ferential operators of the second and the fourth order respectively, they 

are generators in Ti>(G/H). Explicit expressions of them are very cumber- 



some. We write explicit expressions for their radial parts A2 and A4 in 
horospherical coordinates. 

These coordinates are defined as follows. Let us take in q = q+ + q~ 
the Cartan subspace a, consisting of matrices 



where t = (^1,^2) G I^^- Introduce in a* the lexicographical order in 
coordinates. Let n denote the subalgebra of q formed by the corresponding 
positive root spaces. Let A = exp a, A'' = exp n. Consider the set of points 
z in f2 obtained from z*^ via the translation by a = a(ti, ^2) G A and then 
hy n G N, i.e. z = n~^a~^ z^an. It is a neighbourhood U of the point z*^. 
Parameters ti,t2 of the subgroup A and also parameters of the subgroup 
N are coordinates in this neighbourhood (horospherical coordinates). 

Let / be a function defined on U that does not depend on n Q N. 
Then it is a function of i = (^1,^2): f{z) = -F'(t). Let D be a differential 
operator in D{G/H). Then D f also does not depend on n £ N: 
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Df F, 



where D is a differential operator in ^1,^2, the radial part of D with respect 
to N. It turns out to be a differential operator with constant coefficients. 
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Introduce operators 



Di = 
D2 = 



' d_ d_ 

'_d d_ 

Theorem 3.1. We have that 
1 





A2 



1 2 



n — 3 
-I 2 

1 



- (2n - 7) 
(2n~7). 



{Di + D2 - {n - A){n - 6)} , 



A4 ^ DiD2 + 2{n~4:y 



4. Polynomial quantization on G/H 

We follow the scheme from [2] . The role of supercomplete system is played 
by the kernel <i>(^, r/) = $cr,e(^, rj) = N{£^, rj)"' ^ of the intertwining operator 
A2-n-cr.e- As an analogue of the Fock space, we take the space of func- 
tions ip{S,)- We start from the algebra of operators D = T^, where X 
belongs to the universal enveloping algebra Env(g) for g. The covariant 
symbol F(^, ff) of the operator D is defined by: 

where means that the operator D acts on <i>(^,77) as on a function of 
^. These covariant symbols are independent of e. They are functions on 
G/H. Moreover, they are polynomials on G/H (i.e. restrictions on G/H 
of polynomials on the space of matrices z, see (3.1 1). 

For generic a the space Aa of covariant symbols is the space S{G/H) 
of all polynomials on G/H. 

The map D F, which assigns to an operator its covariant symbol, 
is g-equi variant. For an arbitrary a the operator D is reconstructed from 
its covariant symbol F: 



(4.1) 



<1>(m, V) 



where c(cr, e) = uj(){a, e)^^ . 

The multiplication of operators gives rise to a multiplication (denote 
it by *) of covariant symbols. Let Fi, F2 be the covariant symbols of 
operators Di, D2 respectively. We have that 

Fi*F2^ ^{Di)^{<^>F2). 
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This multiplication is given by 

{F,^F2)i^,v) = J F^{^,v)F2MB{i,7^-u,v) dx{u,v), 
where dx{u,v) is an invariant measure on G/H, and 
B{^, 7]; u, v) = c 

Let us call this kernel B the Berezin kernel. 

Thus, the spaces Aa turn out to be associative algebras with unit 
(with respect to *). 

On the other hand, we can define contravariant symbols of the oper- 
ators. A function F(^,r]) can be viewed as the contravariant symbol for 
the following operator A (acting on functions (p{C))'. 

(A^)(0=c(f7,e) / F{u,v)'^^Mu)dx{u,v). 



Notice that this expression differs from (4.1) only by the first argument 
of function F. A contravariant symbol can be reconstructed from the 
corresponding operator. 

Thus we obtain two maps D ^ F ("co") and F ^ A ("contra"), 
connecting operators D and A with polynomials F on G/H. 

The passage from the contravariant symbol of an operator to its co- 
variant symbol is an integral operator with the Berezin kernal. Let us call 
B the Berezin transform. 

Theorem 4.1. The Berezin transform can be expressed in terms of 
Laplace operators: 

T{<7 + n-2+ ^)T{a + 1 - ^)r((T + f + ^)V{a + f - 1 - ^) 
r((7 + n - 2)r(a -h l)r(a + §)r(CT+ f - 1) 
where a, h are some variables and one has to consider 

Di = {a + hf + 2{n - 3)(a + fe) + (n - 4)^, 
L>2 = (a - hf + 2{a - h) - 2{n - 4). 

Note that on finite-dimensional subspaces in S{G/H) the Berezin 
transform is a differential operator. 

Now let (7 — )■ — oo. The first two terms of the asymptotic expansion of 
B are given by: 

(4.2) S~l--A2. 

fT 
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The relation (4.2 1 implies the following correspondence principle (as the 
"Planck constant" one has to take h = — l/cr): 

(4.3) Fi*F2-^ F1F2, 



(4.4) 



a {Fi *F2~F2* Fi) ^ {Fi, ^^2}, 



as cr ^ —00, In H.3\ and (4.4), F1F2 denotes the pointwise multiplication 



of Fi and F2, and {Fi, F2} stands for the Poisson bracket of Fi and F2. 
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The horofunction boundarjjj 

Cormac Walsh 

The horofunction boundary (also known as the 'metric' or 'Busemann' 
boundary) is a means of compactifying metric spaces. Its definition goes 
back to Gromov |10j in the 1970s but it seems not to have received much 
study until recently, when it has appeared in several different domains 
1161 1151 [H I13j . To define this boundary for a metric space {X,d), one 
assigns to each point z d X the function (f)z : X ^ M., 

(f)z{x) := d{x, z) - d{b, z), 

where h is some basepoint. If X is proper, then the map (j) : X ^ 
C(X), z (t)z defines an embedding of X into C{X), the space of con- 
tinuous real- valued functions on X endowed with the topology of uniform 
convergence on compacts. The horofunction boundary is defined to be 
X{oo) := cl{02 I z £ X}\{(j>z I z e X}, and its elements are called horo- 
functions. 

This boundary is not the same as the better known Gromov boundary 
of a (5-hyperbolic space. For these spaces, it has been shown [5l 1221 II 7j 
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that the horoboundary is finer than the Gromov boundary in the sense 
that there exists a continuous surjection from the former to the latter. 

Of particular interest are those horofunctions that are the limits of 
almost-geodesics. An almost-geodesic, as defined by RiefFel |16l . is a map 
7 from an unbounded set T C containing to X, such that for any 
e > 0, 

|d(7W,7(s))+d(7(s),7(0))-t| <e 

for alH G T and s E T large enough with t > s. Rieffel called the limits of 
such paths Busemann points. See [1] for a slightly different definition of 
almost-geodesic which nevertheless gives rise to the same set of Busemann 
points. 

As noted by Ballmann [2], the construction above is an additive ana- 
logue of the way the Martin boundary is constructed in Probabilistic Po- 
tential Theory. One may pursue the analogy further in the framework of 
max-plus algebra, where one replaces the usual operations of addition and 
multiplication by those of maximum and addition. Indeed, this approach 
has already provided inspiration for many results about the horofunction 
boundary [T[ I18j . We mention, for example, the characterisation of Buse- 
mann points as the functions in the horoboundary that are extremal gen- 
erators in the max-plus sense of the set of 1-Lipschitz functions. So the 
set of Busemann points is seen to be an analogue of the minimal Martin 
boundary. There is also a representation of 1-Lipschitz functions in terms 
of horofunctions analogous to the Martin representation theorem. 

There are few examples of metric spaces where the horofunction bound- 
ary or Busemann points are explicitly known. The first cases to be inves- 
tigated were those of Hadamard manifolds [3j and Hadamard spaces [2] , 
where the horofunction boundary turns out to be homeomorphic to the 
ray boundary and all horofunctions are Busemann points. The case of 
finite-dimensional normed spaces has also received attention. Karlsson 
et. al. determined the horofunction boundary in the case when the norm is 
polyhedral |12j . Other examples of metric spaces where the horofunc- 
tion boundary has been studied include the Cayley graphs of finitely- 
generated abelian groups, studied by Develin |6], and Finsler p-metrics 
on GL(n,C)/U„, where explicit expressions for the horofunctions were 
found by Friedland and Freitas ^ [9j . Webster and Winchester have some 
general results on when all horofunctions are Busemann points [24], |23j . 

In the following sections, we describe our recent work elucidating the 
horoboundary of some particular metric spaces. 
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1. Normed spaces 

RiefFel comments that it is an interesting question as to when all boundary 
points of a metric space are Busemann points and asks whether this is the 
case for general finite-dimensional normed spaces. In |19j . we answer this 
question in the negative and give a necessary and sufficient criterion for it 
to be the case. 

Let V be an arbitrary finite-dimensional normed space with unit ball 
B. Recall that a convex subset E oi a, convex set D is said to be an extreme 
set if the endpoints of any line segment in D are contained in E whenever 
any interior point of the line segment is. For any extreme set E of the 
dual unit ball B° and point p of V, define the function fE,p from the dual 
space V* to [0,oo] by 



Here Ie is the indicator function, taking value on i? and +oo everywhere 
else. 

Our first theorem characterises the Busemann points of y as the 
Legendre-Fenchel transforms of these functions. 

Theorem 1.1. The set of Busemann points of a finite- dimensional 
normed space (V, || • ||) is 



We use this knowledge to characterise those norms for which all horo- 
functions are Busemann points. 

Theorem 1.2. A necessary and sufficient condition for every horo- 
function of a finite-dimensional normed space to be a Busemann point is 
that the set of extreme sets of the dual unit ball be closed in the Painleve- 
Kuratowski topology. 

2. The Hilbert metric 

Let X and y be distinct points in a bounded open convex subset D of M^, 
with iV > 1 . Define w and z to be the points in the Euclidean boundary of 
D such that w, x, y, and z are coUinear and arranged in this order along 
the line in which they lie. The Hilbert distance between x and y is defined 
to be the logarithm of the cross ratio of these four points: 



fE,p{q) lE{q) + {q\p) - inf (yb) 



for all qeV*. 



{fh p \ E is a proper extreme set of B° and p € V}. 



Hil(a;,2/) log 



\zx\ \wy\ 
\zy\ \wx\ ■ 
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If D is the open unit disk, then the Hilbert metric is exactly the Klein 
model of the hyperbolic plane. 

As pointed out by Busemann |4i pl05], the Hilbert geometry is related 
to hyperbolic geometry in much the same way that normed space geom- 
etry is related to Euclidean geometry. It will not be surprising therefore 
that there are similarities between the horofunction boundaries of Hilbert 
geometries and of normed spaces. 

Define the function 

zx 

(2.1) Funk(a;, y) := log -j — j-, for all x and y in D. 

This function satisfies the usual metric space axioms, apart from that of 
symmetry. 

Hubert's metric can now be written 

Hil(a;, y) :— Funk(a;, y) + Funk(j/, x), for all x and y in D. 

This expression of the Hilbert metric as the symmetrisation of the Funk 
metric plays a crucial role. It turns out that every Hilbert horofunction is 
the sum of a horofunction in the Funk geometry and a horofunction in the 
reverse Funk geometry, where the metric in the latter is given by 

rev{x,y) := Funk(y, a:). 

This allows us to simplify the problem by investigating separately the 
horofunction boundaries of these two geometries and then combining the 
results. Determining the boundary of the Funk geometry turns out to 
be very similar to determining that of a normed space, which was done 
in [19] . 

In [20 , we characterise those Hilbert geometries for which all horo- 
functions are Busemann points. 

Theorem 2.1. A necessary and sufficient condition for every horo- 
function on a bounded convex open subset of M.^ containing the origin to 
be a Busemann point in the Hilbert geometry is that the set of extreme sets 
of its polar be closed in the Painleve-Kuratowski topology. 

It had previously been shown 12 that all horofunctions of the Hilbert 
geometry on a polytope are Busemann points. 

Theorem 2.2. Let D be a bounded convex open subset of M.^ . If a 
sequence in D converges to a point in the horofunction boundary of the 
Hilbert geometry, then the sequence converges in the usual sense to a point 
in the Euclidean boundary dD. 
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3. Finitely generated groups 

An interesting class of metric spaces are the Cayley graphs of finitely 
generated groups with their word metric. Here one may hope to have a 
combinatorial description of the horoboundary. 

The first to consider the horoboundary in this setting was RiefFel |16j 
who studied the horoboundary of with an arbitrary finite generating 
set in connection with his work on non-commutative geometry. 

In |21j , we investigate the horofunction boundary of Artin groups of 
dihedral type. Let prod(s, t; n) := ststs • • • , with n factors in the product. 
The Artin groups of dihedral type have the following presentation: 

Ak — {a,b \ prod(a, b; k) — prod(6. a; k)) , with k > 3. 

Observe that is the braid group on three strands. The generators 
traditionally considered are the Artin generators S :— {a, b, a^^, b^^}. 

In what follows, we will have need of the Garside normal form for 
elements of Ak- The element A := prod(a, 6; A;) = prod(5, a;A:) is called 
the Garside element. Let 

:= {a, b, ab, ba, . . . , prod(a, b;k — 1), prod(6, a;k — 1)}. 

It can be shown [7\ that w € Ak can be written 



for some r € Z and Wi, . . . ,Wn € Af + . This decomposition is unique if 
n is required to be minimal. We call it the right normal form of w. The 
factors lui, . . . , w„ are called the canonical factors of w. 

An algorithm was given in [14j for finding a geodesic word representing 
any given element of Ak', fc > 3. We use this algorithm to find a simple 
formula for the word length metric. 

Proposition 3.1. Let x — zi---z„iA'" be an element of Ak written 
in right normal form. Let (po, • • • jPfe-i) G be such that po :— r and, 
for each i € {1, . . . ,k — 1}, pi — Pi-i — rrik-i, where rui is the number of 
canonical factors of x of length i. Then the distance from the identity e to 
X in the Artin- generator word-length metric is 



Since d is invariant under left multiplication, that is, d(y, x) = 
d(e,y~^x), we can use this formula to calculate the distance between any 
pair of elements y and x of Ak- With this knowledge we can find the 
following description of the horofunction compactification. 



w ^ wi ■ ■ ■ w„A'' 



fc-i 
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Let Z be the set of possibly infinite words of positive generators having 
no product of consecutive letters equal to A. We can write each element 

of Z as a concatenation of substrings in such a way that the products of 
the letters in every substring equals an element of A/+ and the combined 
product of letters in each consecutive pair of substrings is not in M+. 
Because z does not contain A, this decomposition is unique. Let rriiiz) 
denote the number of substrings of length i. Note that if z is an infinite 
word, then this number will be infinite for some i. 

Let fi' denote the set of (p, z) in (Z U {— oo, +co\)^ x Z satisfying the 
following: 

• Pi — Vi-i > mk-i{z) for all i G {1, . . . , fc — 1} such that pi and 
Pi-i are not both — oo nor both +oo; 

• if z is finite, then pi — Pi-i = mk-i{z) for all i G {1, . . . , fc — 1} 
such that Pi and Pi-i are not both — oo nor both +oo. 

We take the product topology on W . 

We now define to be the quotient topological space of il' where the 
elements of (+oo, . . . , +oo) x Z are considered equivalent and so also are 
those in (— oo, . . . , — oo) x Z. We denote these two equivalence classes by 
+6b and —6b, respectively. 

We let Ai denote the horofunction compactification of Ak with the 
Artin-generator word metric. The basepoint is taken to be the identity. 

Theorem 3.2. The sets and Ai are homeomorphic. 

Let Zq be the set of elements of Z that are finite words. Let fig 
denote the set of (p, z) in Z*^ x Zq such that pi — — mk-i{z) for all 

1 G {l,...,fc — 1}. One can show that the elements of Hq are exactly the 
elements of fl corresponding to functions of the form z) — d{e, z) in M. 

In the present context, since the metric takes only integer values, the 
Busemann points are exactly the limits of geodesies (see |24j ) . Develin |6], 
investigated the horoboundary of finitely generated abelian groups with 
their word metrics and showed that all their horofunctions are Busemann. 

We have the following characterisation of the Busemann points of Ak- 

Theorem 3.3. A function in Ai is a Busemann point if and only if 
the corresponding element (p, z) offl is in f2\f2o and satisfies the following: 
Pi — Pi-i ~ mk-i{z) for every i G {1, . . . , A: — 1} such that pi and pi-i are 
not both — oo nor both +oo. 

The group A^ also has a dual presentation: 

Ak = (cti, . . . , tTfc I CT1CT2 = cr2a3 = • • • = cTfcCTi), with fc > 3. 
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The set of dual generators is S := {ai, . . . ,ak:Cr^^, ■ ■ ■ iCr^T^}. 

Again, one can find a formula for the word length metric and use it to 
determine the horoboundary. This time however, it turns out that there 
are no non-Busemann points. 

Theorem 3.4. In the horoboundary of Ak with the dual- generator 
word metric, all horofunctions are Busemann points. 

In general, one would expect the properties of the horoboundary of a 
group with its word length metric to depend strongly on the generating set. 
It would be interesting to know for which groups and for which properties 
there is not this dependence. As already mentioned, all boundary points 
of abelian groups are Busemann no matter what the generating set [6] . On 
the other hand, the above results show that for Artin groups of dihedral 
type the existence of non-Busemann points depends on the generating set. 
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KaaHTOBaHHe KaK npH6jiH>KeHHoe onncaHHe neKOToporo 
flH4)4)y3HOHHoro npoij;ecca 

E.M. BenuaMUHoe 



1. OnHcaHHe h HeKOToptie cbohctbb mo^gjih 

PaccMaTpHBaoTca iioKOTopaa MaTOMaTHHCCKaa MO^ejib npoijecca, cocToa- 
HHe KOToporo B KajK^biH MOMeHT BpeMeHH sa^aeTCfl BOJiHOBoii (J)yHKi],Heii 
- KOMnjieKCH03HaHHofl (JjyHKiiHefl (p{x,p), r^e {x,p) € i?^", an — pasMep- 
iiocTi. KOiicJ)Hr}'panHoriiioro npocTpaiiCTBa. B ot.tthhho ot KBaiiTOBoii Mexa- 

HHKH, r^e BOJIHOBaa (|)yHKLl,Hfl SaBHCHT TOJIbKO OT KOOpflHHaT HJIH TOJIbKO 

OT HMnyjibcOB, B HameM cjiynae BOJiHOBaa (JjyHKijHfl saBHCHT h ot KOop^H- 
HaT H H OT HMnyjibcOB. Tax }Ke, Ka.K b KBaiiTOBoii MGxaiiHKe, npe^nojiaraeT- 
Cfl, HTO fljifl BOJiHOBbix (J)yHKLi,Hii BbinojiHfleTCfl npHHLi,Hn cynepnosHijHH, H 
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njIOTHOCTb BepOSTHOCTH p(x,p) Ha (jjaSOBOM npOCTpanCTBe, COOTBeTCTBy- 

lomafl BOJiHOBoii 4)yHKD,HH ip(x,p), aa^zjaeTCfl CTan^apTHoii (jjopMyjioii 

(1.1) P{x,p) = (p*{x,p)Lp{x,p) = \(p{x,p)\'^. 

B pa6oTe paccMaTpHBaeTca KJiaccHHecKaa MO^ejib flH(|)(|)y3HOHHoro 
npoD,ecca ^jih bojihoboh 4)yHKD,HH ip(x,p) na (jsasoBOM npocTpancTBe. 
Ilpe^nojiaraeTCfl, hto KajK^biii KOMnjieKCHbiii BeKTop bojihoboh 4)yHKH,HH 
o^HOBpeneHHO naxo^HTCa b 4-x ^BHJKenHax: 

TOHKa npHJIOJKeHHfl BeKTOpa ^BHJKeTCfl HO KJiaccHHecKoii TpaeKTopHH, 

sa^auHoii 4)yHKH,HeH FaMHJibTOHa H(x,p); 

TOHKa npHJiojKeHHfl BeKTopa nepeMeniaeTCH cjiyHauno no Koop^nna- 
TaM H HMnyjibcaM, naxo^flCb b ^H(J)(J)y3H0HH0M npou;ecce c nocTOHHHbiMH 

K034)4)HU,HeHTaMH ^HC^DC^DySHH H 6^ UO KOOp^HHaTaM H HMnyjibcaM, co- 
OTBeTCTBeHHO; 

TOHKa npHJiojKeHHa xajK^oro BexTopa ^BHJKeTca no cjiyHanHoii Tpaex- 
Topnn B pesyjibTaTe ^BHJKeHnii, onncannbix b ^Byx npe^bi^ym,HX nynKTax, 
a caM BeKTop Bpam,aeTCfl c nocTOAHHoii yrjiOBoii CKopocTbio uj — mt? jh b 
CHCTeMe KOop^nnaT, CBasanHoii c SToii tohkoh, r^e m - Macca HacTHu,bi, c 
- CKopocTb CBeTa, h - nocTOHHHafl IljiaHKa; 

flJinna BCeX KOMUJieKCHblX BeXTOpOB bojihoboh (J)yHKH,HH B MOMeUT 

BpeneHH t yMHOJKaeTca na e:xjp{abnt/h) (sto hhcto TexunnecKoe Tpe6o- 
Banne, KOTopoe ne CKasbiBaeTca na OTHOCHTejibHbix BepoaTHOCTsx naxojK- 
^enna HacTHii,bi b (jaasoBOM npocTpancTBe). 

Xlpe^nojiaraeTCfl, hto bojihoboh BexTop ip{x,p,t) b Tonxe {x,p) b mo- 
MeuT BpeneHH t no HpHHH,HHy cyHepH03HH,HH paBen cyMMe bojihobmx Bex- 
TopoB, sa^auHbix pacnpeflejienneM BexTopoB ip^{x,p) b HaHajibUbifl mo- 
MeHT BpeMenn n nonaBmnx b pesyjibTaie onncanHbix Bbime ^BHJKeHnii b 

TOHKy {x,p) B MOMeHT BpeMeHH t. 

npou;ecc onncbiBaeTCii ^H4)4)epeHii,HajibHbiM ypaBHenneM ^ncjacjaysn- 
OHHoro THna. AnajiHS flH(J)(J)epeHii;Haj[bHoro ypaBHennH MO^ejin noKasbi- 
BaeT, HTO ^BHJKeHne b MO^ejin pacKJia^biBaeTca na 6biCTpoe n Me^jienHoe. 
B pesyjibTaTe 6biCTporo ^BHJKeHHfl cncTeMa, HaHnnaH c nponsBOJibHoii 

BOJIHOBOH 4)yHKH,HH Ha (J)a30B0M HpOCTpaHCTBe, HepeXO^HT K 4)yHKH;HH, 

HpHHa^j[e}KaiLi,eH neKOTopoMy oco6oMy no^npocTpancTBy. BjieMeuTbi sto- 
ro HO^npocTpancTBa napaMeTpHsyiOTCfl bojihobbimh 4)yHKii,HaMH, saBHCa- 
niHMH TOJibKO OT KOop^HHaT. Me^jieHHoe ^BHJKeHne no no^npocTpancTBy 
onncbiBaeTCfl ypaBnenneM nipe^nnrepa. 

Hcxoflfl H3 npe^nojiojKeHHH o TenjiOBoii npuHnne flHcjjcjjyanii n co- 

OTBeTCTBHH CJie^CTBHH MO^ejIH HSBeCTHbIM 4)H3HHeCKHM SKCUepHMeHTaM 

Jl3M6a - Pe3ep(J)op^a p] (c^Bnr Jl3M6a b cneKTpe aTOMa BO^opo^a), b 
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pa6oTe ^ejiaeTCfl oijeHKa KOScjscjjHiiHeHTOB ^HcJwjsyaHii h speMeHH nepexo^- 
Horo npoijecca ot KJiaccHHecKoro onncaHHa npoijecca, b KOTopoM npHHijHn 
Heonpe^ejieHHOCTH reii3eH6epra MO>KeT ne BbinojiHATbCH, k KBanTOBOMy, 
B KOTopoM npHHiiHn reii3eH6epra y>Ke BbinojiHaeTCH. BpeMH nepexo^Horo 
npoijecca HMeeT nopa^OK 1/T • 10~^^c, r^e T — TennepaTypa cpe^bi. 



2. OcHOBHbie peayjibTaTbi 

PaccMOTpHM ^H(J)4)y3HOHHbra npoijecc Ha (J)a30B0M npocTpancTBe, b ko- 

TOpOM BOJIHOBafl 4)yHKLl,Hfl ip(x,p,t) B MOMeHT BpeMeHH t y^OBJieTBOpfleT 

flH4)4)epeHLi,HajibHOMy ypaBnenHK) 

(21) Vf— -^V-f^^-V— P-^t^ + A if 



, , . n / d ipk \ ^ ,9 x-^ abn 

(2.2) r.e A.,^ = «^ g " i j ^ + E + 

r^e H{x,p) — (IjyHKiiHH FaMnjibTOHa; a? n — KOScjjcjjHiiHeHTbi ^nejacjay- 
3w no KOop^HHaTaM H HMnyjibcaM, cooTBeTCTBenHO. 

EcjiH B ypaBHeHHH (2.1 1 OT6pocHTb nocjie^nee cjiaraeMoe, to nojiynnM 
flH4)4)epeHLi,HajibHoe ypaBHenne b nacTHbix npoH3BOflHbix nepBoro nopa^- 
Ka. 9Ta nacTb ypaBnenHH (2.1 1 onncbiBaeT ^eTepMHHHpoBaHHyro cocTaB- 
jifliomyio ^BHJKeHHfl KOMnjieKCHbix BeKTopoB (p{x,p,t). CorjiacHO ypaBHe- 

HHK), B 3T0M ^BHJKeHHH TOHKa npHJIOJKeHHfl KajK^OrO BBKTOpa ^BHJKeTCfl 

no KJiaccnnecKoii TpaeKTopnn, 3a^aHH0H raMnjibTonnanoM H(x,p), a can 
BeKTop npn stom Bpam,aeTCfl b KajK^oii Tonxe TpaeKTopnn c yrjiOBoii cko- 

pOCTbK) 




3aMeTHM, HTO B cjiynae, Kor^a KOH(J)Hrypan,HOHHoe npocTpancTBO Tpex- 
Mepno m H — c^J^mFc?^^^ , to uj' dt = i!ic_rnc_dt _ m^dr, r^e r — 
co6cTBeHHoe BpeMH B CHCTeMe KOop^nnaT, CBfl3aHH0H c nacTHn,eH, ^BnjKy- 
mencfl c HMnyjibCOM p. To ecTb b stom cjiynae, BeKTOp, Tonxa npHJio^Kenna 
KOToporo ^BHJKeTCfl no KJiaccnnecKoii TpaeKTopnn, Bpam,aeTCH c nocToan- 
Hoii yrjiOBoii CKopocTbro uj — mc^/h b cncTeMe KOop^nnaT, CBa3annoH c 

3T0H TOHKOii. 
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Hao6opoT, ecjiH b npasoii HacTH ypaBHenufl (2.1 1 ocTasHTb tojibko 



nocjie^nee cjiaraeMoe BH^a (2.2 1, to nojiyHHM ypaBHeHne 



dip 2^f cl ipk\ , ,2V^ , o,bn 



9to ypaBHeune onncbiBaeT flH4)4)y3HOHHyio cocTaBJiaiomyK) ^BHiKeHUH 

BeKTOpOB ip(x,p,t) Ha 4)a30BOM npOCTpanCTBe. B STOM ^BHJKeHHH TOHKH 
npHJIOJKeHHH BeKTOpOB nepeMemaiOTCfl B COOTBeTCTBHH C KJiaCCHHeCKHM 
O^HOpO^HblM flH4)4)y3HOHHbIM npOD,eCCOM C K034)4)HD,HeHTaMH ^HCjjcjjySHH 

no KOop^HHaTaM n HMnyjibcaM paBHbiMH n 6^, cooTBeTCTBenHO. Xlpn 
3T0M caM BeKTop upH Majibix cjiyHaHHbix nepeMem,eHHflx h3 tohkh {x,p) 
B TOHKy (x + dx,p + dp) nepenocHTCfl napajiJiejibHO, a ero ^jinna b MOMenT 
BpeneHH t yMHOJKaeTca na exp{abnt/h). 3aMeTHM, hto napajiJiejibHbiii ne- 
penoc BeKTopoB na cj^asoBOM npocTpancTBe aa^aeTca CBflsnocTbio, koto- 
paa BbipajKaeTca (jaopMyjion: L(^d^^j^p^(p{x,p) — (p{x,p) ~ —{i/h)(p{x,p)pdq, 
r^e L(^iix iip^ip{x,p) — napajiJiejibHbiii nepenoc BexTopa ip(x,p) h3 tohkh 
{x,p) no 6ecK0HeHH0 MajiOMy BexTopy {dx,dp). B HacTHOM cjiyHae, ko- 
r^a KOH4)Hrypau,HOHHoe npocTpancTBO TpexMepno, Taxaa CBasnocTb na 
4)a30BOM npocTpancTBe BbiSBana CHHxpoHH3au;Heii ^BHJKyninxcfl HacoB b 
TOHKax 4)a30Boro npocTpancTBa. 



IlpaBafl HacTb ypaBHennHfl (2.4 1 — caMOConpajKenHbiii onepaTop. 3a- 



flana na co6cTBeHHbie snaHenHfl ^jia SToro onepaTopa npeo6pa30BaHHeM 
•typbe no KOop^nnaTaM cbo^htca k CTan,HOHapHOMy ypaBnennio nipe^nn- 
repa fljiR rapMonnHecKHx K0Jie6aHHH. OTCio^a noKasbiBaeTca, hto co6- 



CTBennbie anaHennfl onepaTopa ypaBnenna (2.4 1 nenojiojKHTejibnbi, n Bep- 
na cjie^yroniafl TeopeMa. 

Teopema 2.1. Ilycmb if{x,p,0) — npouseoAbuaM cfjyHKVfliM, npeoS- 
pmoeaHue 0ypbe Komopou no p cmpeMumcsi k uyAW npu x — > oo. Tozda 



pemenue tp{x,p,t) du^^yauoHHOso ypaeneHUM {2-4) SKcnoHeuvfliaAbHO no 
epeMEHU (c noKmameABM paeuuM —abt/h) cmpeMumcsi k cmai^uoHapHO- 
My pemeuum euda: 



(2.5) ipix,p) = l\ra^ix,p,t) = (2^;,)n/2 J ^(y)xi^, y)e-'(^--)P/^dy, 
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(2.6) '^(y)^J^J^ J^{x,p,0)e^^y--^P/\{x,y)dpdx, 

(2.7) x(^,y)=(^) e-'^^-y^'/^'^'^K 

\aTrh ) 

3aMeTHM, HTO x^(a;,y) npe^CTaBJiHeT co6oii njiOTHOCTb BepoHTHOCTeii 
HopMajibHoro pacnpe^ejieHHH no a; c MaTeMaTHnecKHM ojKH^aHneM y, h 
flHcnepcneii ah/{2b). Ecjih BejiHHHna ah/(2b) Majia, to (jjyHKiiHfl x^i^^y) 

6jIH3Ka K ^ejIbTa-4)yHKLl,HH OT X — y. 

KoMnosHiiHfl BbipajKeHHH (2.61 H ( |2.5[ l CTpoHT npoeKTop H3 npocTpan- 
CTBa Bcex BOJiHOBbix 4)yHKLi,Hii, aa^aHHbix Ha (jaasoBOM npocTpancTBe, na 
HeKOTopoe no^npocTpancTBO. 9jieMeHTbi SToro no^npocTpancTBa napa- 

MeTpH3yK)TCfl 4)yHKLl,HHMH BH^a Ipiv), TflG y G i?", T. 6. BOJIHOBblMH (jjyHK- 

iIHflMH Ha KOH(J)HrypaLi,HOHHOM npocTpancTBe. 

Ecjih jKe npe^HOJiaraTb, hto ^HcjacjaysHa Bbi3biBaeTca TenjiOBbiMH bo3- 

fleHCTBHflMH Ha SJieKTpOH, TO K034)4)Hn,HeHTbI ^HCjjcjjySHH HO KOOp^HHaTaM 

H HMHyjibcaM Bbipaj«aiOTCfl B CTaTHCTHHecKoii 4)H3HKe (cm., nanpHMep j4], 
rji.7, §4 H §9) Hepe3 TennepaTypy T ho (jaopMyjiaM: = kT /{m'y) m = 
"fkTm, r^e k — HOCTOflHHaa BojibH,MaHa, m — Macca sjiexTpona, 7 — ko- 
34)4)HH,HeHT TpeHHfl cpe^bi Ha e^HHHH,y Maccbi. OTCHD^a, a/b — (7771)"^ 
n ab = kT. To ecTb, b stom cjiynae, Bejinnnna a/6, KOTopaa bxo^ht 
B BbipajKenne ( |2.7| , ne saBHCHT ot TeMnepaTypbi. C flpyroii CTopoHbi, t 
— BpeMfl nepexo^Horo npoijecca, onpe^ejiennoe b TeopeMe 1, hmbt bh^: 
t - h/{ab) = h/{kT) = T-i • 7.638 • IQ-^^c. 

C yneTOM 3Toii oijeHKH, 6y^eM CHHTaTb b ypaBnenHH (2.1 1 BejiHHHny 
h/ (ah) MajibiM napaMBTpoM h npe^nojiaraTb, hto KOop^HnaTbi h HMnyjibCbi 
Majio MeHfliOTCfl 3a sto BpeMH npH KJiaccHnecKOM ^BHJKenHH, onpe^ejien- 
HOM raMHJibTOHHanoM H{x,p). 



Teopema 2.2. /JeucHcenue, onucueaeMoe ypaeueHueM {2.1), acuMn- 
momuHecKU pacnadaemcM npu h/{ab) na 6ucmpoe deuotcenue u 
MedACHHoe deuotceHue. B pesyAbmame 6ucmpozo deuotcenuji npouseoAb- 
uasi eoAHoeasi ^yuKii^usi ip{x,p,0) nepexodum 3a epejvui nopsidKa h/(ab) 
K eudy (2.5). BoAHoeue ^yuKUfliu euda [2.5) o6pa3ymm AuueuHoe nod- 
npocmpaHcmeo. dAeMenmu amoso nodnpocmpaHcmea napaMempusymm- 
csi eoAHoeuMU ^yuKV/usiMU ipi^y), saeucsmnuMU moAbKO om Koopduuam 
y € i?". MedAEHHoe deuotceHue, HaHUHammeecM c HeuyAeeou eoAuoeoU 
(pyHKV,uu U3 smozo nodnpocmpaHcmea, npoucxodum no nodnpocmpan- 
cmey u napaMcmpusyemcM eoAHoeou ^yHKU/ueu il>{y,t), saeucsivneu om 
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epeMCHU. (DyHKVfUsi il}(y,t) ydoeAemeopsiem ypaeueHum Ulpedumepa euda 
ihdip/dt = Htp, zde 



xx(a;, y)x{x, y')ei'-y~y''^Pip{y' , t)dy'dxdp, 



u x{x,y) sadaemcM (popMyAou (2.1). 



. 2 

Teopema 2.3. Ecau ^ — muauji eeAununa u H{x,p) = ^ + V{x) 
mo onepamop H c moHHOcmbw do habhob nopsidKa ah/b UMeem eud: 

(2-8) ^ - - ^ (E j + viy) + 



IlepBbie ^Ba cjiaraeMbie b (jsopMyjie (2.8 1 ^aroT CTan^apTHbra onepa- 
Top raMHJibTona. Ilocjie^Hee cjiaraeMoe — KoncTanTa, h ero mojkho npe- 
He6peHb. Xlpe^nocjie^Hee cjiaraeMoe paccMOTpuM (bbh^y MajiocTu ah/b) 
KaK B03Myiri,eHHe k onepaTopy FaMnjibTona. 

CHHTaa, HTO OTKJiOHeHHfl B cneKTpe aTOMa BO^opo^a (c^Bnr JTsm- 
6a), Ha6jiK)^aeMbie b SKcnepHMenTax Jl3M6a-Pe3ep(|)0^a [2], BbisbiBaiOTCH 



npe^nocjie^HHM cjiaraeMbiM b (jjopMyjie (2.8 1, mojkho OD,eHHTb BejiHHHny 
a/b. PacHeTbi CTan^apTHbiM MeTO^OM BOSMymeHnii, anajioruHKbie pacHe- 
TaM, BbinojiHeHHbiM B |5], ^aiOT cjie^yromyK) OD,eHKy: a/b = 3.41 • lO^c/r. 
OTCio^a, CTan^apTHoe OTRjiOHenne ^jia HopMajibHoro pacnpe^ejiennfl x^j 
no KOTOpoMy nponsBOflHTCH crjiajKHBanne bojihobmx (J)yHKU,Hii, HMeeT bh^ 
^y ah/ {2b) = 4.24 • IO^-'^^cm. 9Ta BejinHnna cyniecTBenHO Menbrne pa^ny- 
ca aTOMa BO^opo^a h 6jiH3Ka k KOMUTOHOBCKoii ^jinne bojihm sjiexTpona 
h/{mc) = 3.86 • 10-"cM. 

TaKHM o6pa30M, pacHeTbi noKasbiBaroT, hto npe^jiojKeHnaa MO^ejib b 



BH^e ^H4)4)epeHu,HajibHoro ypaBHenna (2.11 ^ocTaTOHHO a^exBaTHO onn- 
cbiBaeT 4)H3HHecKHe npou,eccbi b CTan^apTHbix cjiyHaax jijir CTan^apTHO- 
ro raMHJibTOHHana. Ho siy MO^ejib mojkho npHMennTb n fljiR pacHeTOB 
npou,eccoB c HecTan^apTHbiM raMnjibTonnaHOM hjih c raMHJibTOHHanoM, 
6biCTpo MeHHioniHMCfl BO BpeMeHH, KaK npn BHesannbix B03Mym,eHHflx hjih 
fljifl nepHO^HHecKH MeHHK)m,erocH noTeHu;Hajia c HacTOToii nopa^Ka ab/h, 

H CpaBHHTb C SKCnepHMeHTajIbHblMH ^aHHblMH. 
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JiHTepaTypa 

[1] MacAoe B.II. YpaBHeHHa KojiMoropOBa - OejiJiepa h BepoaTHOCTHaa MOflejib KBan- 
TOBoii MexaHHKH // Htofh Hay™ h TexHHKH. Teop. Bep., Max. CTaT. h KH5epHeT. 
1982. T. 19. C. 55-85. 

[2] Lamb W.E., Retherford R.C. Fine Structure of the Hydrogen Atom by a Microwave 

Method II Phys. Rev. 1947. V. 72. P. 241-243. 
[3] Beniaminov E.M. A Method for Justification of the View of Observables 

in Quantum Mechanics and Probability Distributions in Phase Space 

http://arxiv.org/abs/quant-ph/0106112. 2001. 
[4] Hcuxapa A CTaTHCTH^ecKaa 4>H3HKa. M.: Map, 1973. 472 c. 

[5] Welton T.A. Some Observable Effects of The Quantum- Mechanical Fluctuations of 
the Electromagnetic Field 1 1 Phys. Rev. 1948. V. 74. P. 1157-1167. 



HfleMnoTeHTHbie CHCTeMbi HejiHHeiiHMx ypaBHenHH h 
sa^aHH pacHeia sjieKipoanepreTHHecKHx ceTefij^ 

A.M. rejibipand u E.X. KupmmeuH 

9jieKTpo3HepreTHHecKyK) cbtb mojkho paccMaTpHsaTb xax rpacj) c n eep- 
niHHaMH, KajK^oii BepniHHe (ysjiy) KOToporo conocTaBJienbi ^sa Beme- 

CTBeHHblX HHCJia - aKTHBHafl Pfc H peaKTHBHafl Qfc COCTaBJIfllOmHe HHieK- 

ijHH MomHOCTH B y3jie fc (fc = 1 , . . . , fi) , H KajK^OMy pe6py (jihhhh sjiexTpo- 
nepe^a^) , coe^HHHiomHx k-bm h j-t>m ysjim - axTHBHaa h peaKTHBHaa 

Yj^j COCTaBJIfllOmHe npOBO^HMOCTH. 

ycTaHOBHBniHecfl pejKHMbi 3JieKTpo3HepreTHHecKHx ceTeii xapaKTepnay- 

K)TCfl SHaHeHHflMH aKTHBHblX H peaKTHBHblX UJ^ COCTaBJiaK)iri,HX Ha- 

npajKeHHH b y3Jiax, KOTopbie ^ojiJKHbi y^OBJieTBopsTb CHCTeMe 2n ajire6- 
paHHecKHx ypaBHeHHH p!] - ysjiOBbix ypaBHenHii 6ajiaHC0B aKTHBHoii h 
peaTHBHbix MoniHOCTeii. 

TaKHe ypaBHeHHH mojkho paccMaTpHBaTb KaK BeniecTBenHyio h KOMHJieKC- 
Hyio cocTaBJiflioniyK) CHCTeMbi n KOMHJieKCHbix ypaBHeHHH BH^a 

(1) Wk = E,{ ^ akjE,), 

je(fe) 

r^e Wk = Pk + iQk , Ek = Uji + iUJl, Ek = -iU^, cyMMnpoBanne H^eT 
HO BceM ysjiaM j CBaaannbix jiHHHeii c ysjiOM k, a^j KOMHJieKCHbie HHCJia, 

KOTOpbie OHpe^ejIfleTCfl ho KOMHJieKCHbIM HpOBO^HMOCTHM Zj — Uj + iUJ . 



Pa5oTa BtmojiHena npa "^acTHiHoii cjjHHaHCOBoii noflflepjKKe rpanTa POOH 05- 
01-02807-HLi;HHJI_a. 
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9th ypaBHeuHa ^aroT 2n BemecTBenHMx ajire6paHHecKHx ypaBHeHuii ot- 
HOCHTejibHO 2n nensBecTHbix [/^, t/^, fc = (1, n). 

BajKHoii sa^aHeii anajiHsa sjieRTposnepreTHHecKHx ceTeii flBJiaeTCfl ana- 
JIH3 ycTOHHHBOCTH (onpe^ejieHue 3anaca ycTOHHHBOCTu) ycTaHOBHBinerocH 
pejKHMa. Ha npaxTHKe, TaKoii anajins cbo^htca k npoBepxe cymecTBOBa- 
HHH BemecTBeHHoii ^e4)opMaD,HH peineuHH npn ^e4)opMaD,Hflx ko34)4)hd,h- 
euTOB ypaBHeHuii, bxc^aiuhx b cncTeMy. Taxne ^ecjaopMaiinu OTBeHaroT 
H3MeHeHHflM HHT3eKD,Hii MOiri,HOCTH B y3jiax HJiH H3MeHHK) CTpyKTypbi rpa- 

4)a CeTH (oTKJIHDHeHHe JIHHHii). 

IlpH 3T0M B KaHecTBe KpHTepHfl HOTepH ycTOHHHBOCTH npH ^ecjjopMaiiHax 

ypaBHeHHH CnCTeMbl 06bIHH0 npHHHMaeTCfl JIh6o paCXO^UMOCTb HTepaD,H- 

OHHoro npoD;ecca MeTO^a HbroTona ^jia naxojK^eHHH pemenHfl, jih6o bm- 
pojKfleHHe MaTpHD;bi 5Iko6h cncTeMbi ypaBHeuHii. TaKoii no^xo^ ne Bcer^a 
MaTeMaTHHecKH KoppeKTHO OTBeHaeT nocTaBJieuHOH 3ajiaHe, ho, rjiaBHoe, 

He H03B0JIfleT 6bICTpO H HarjIfl^HO HOJiyHHTb rpaHHH,y 06jiaCTH yCTOHHH- 

BOCTH ycTaHOBHBmerocfl pejKHMa. 

Mbi paccMaTpHBaeM HeKOTopyio HpoH,eflypy npocToro MaKeTHpoBauHH 3a- 

^aHH aHajIH3a yCTOHHHBOCTH 3JieKTp03HepreTHHeCKHX CHCTeM C HOMOnibK) 

aHajiH3a pemeuHH H^eMHOTeHTHOH CHCTeMbi ypaBHeuHii, nojiyHeHHoii b pe- 
3yjibTaTe ^eKBaHTOBauHfl no MacjiOBy [2] hcxo^hoh cncTeMbi (1). 
SannmeM cncTeMy ypaBHeHHH ycTaHOBHBmerocH pejKHMa 6ojiee CHMMeT- 
pHHHO B BH^e CHCTeMbi 2n KOMHJieKCHbix ajire6paHHecKHx ypaBHeHHH |3], 

OTHOCHTejIbHO 2n KOMHJieKCHbix HepeMeHHblX. /IjI-H 3TOrO BBe^eM HOBbie 

KOMHJieKCHbie HepeMeHHbie Sk BMecTO Ek h noBbie ypaBHeuHfl, nojiyneH- 

Hbie C HOMOmbK) KOMHJieKCHOrO COHpflJKeHHHfl ypaBHeHHH (1) H Hocjie^y- 

lomeH aHajioruHHoii 3aMeHH0H nepeMeuHbix. 

IloJiyHHM CHCTeMy H3 2n KOMHJieKCHbix ypaBHeHHH 

(2) Wk^EkiY, auj S,), IFfe = 5fc ( ^ flfe, Ej ) 

je(fc) je(k) 

OTHOCHTejIbHO 2n KOMHJieKCHbix HepeMeHHblX E]^, Sk,k — 1, ...,n. PemeHHe 
CHCTeMbi ([2J y^OBJiHTBopaeT CHCTeMe (1) Tor^a h tojibko Tor^a Kor^a 

(3) Ek = Sk 
fljiR Bcex k — 1 , ...,n. 

B |4] ^jifl BCflKoii aj[re6paHHecK0H nonepxHOCTH f(z) = b C^" onpe^ejie- 
na ee aMe6a Af b R^", o6pa3 nepeceneHHA 3toh noBepxnocTH c KOMHJieKC- 

HblM TOpOM OTHOCHTejIbHO 0T06pajKeHHfl 

Log : (zi, . . . , Z2n) e (C\{0})2" (log |zi|, . . . ,l0g \z2n\) € R^". 
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YcjiOBHe (|3| B 3THX TepMHHax 03HaHaeT, HTO nepeceHenne aMe6 Bcex ypaB- 

HeHHii CHCTeMbI ([2]) CO^epjKHT TOHKH, y^OBJieTBOpHK) 111,06 yCJIOBHflM 

(4) log|£;fc|=log|5,| 
^jifl Bcex = 1, n. 

H3BecTH0 j4] , HTO aMe6a A / coBna^aeT c ^onojiHenHHeM KoneHHoro HHCJia 

OTKpblTblX BbinyKJIblX nO^MHOJKeCTB E,y B R^": 

r2«\^^. = u{E,}. 

B [5] onpe^ejieHbi Ha6opbi jinnenHbix (J)yHKLi,Hii na sthx BbinyKJibix mho- 
jKecTBax, HHJKHflfl ppaHb KOTopbix onpe^ejifleT KycoHHO-jinneiiHoe no^MHO- 
jKecTBO R^", KOTopoe Ha3biBaeTCfl cnanHOM aMe6bi, jiejKHT BHyTpn -A/ h 
flBJifleTCfl ee roMOTonHHecKHM peTpaxTOM. 

HTo6bi onpe^ejiHTb H^eMnoTeHTHyro CHCTeMy ypaBnenHH onpe^ejiHM Tpo- 
nHHecKHe anajiorH onepaiinii cjiojKeHHH h yMHOJKeHHH b R o6biHHbiM 06- 
pa30M: TponHHecKoe cjiojKeHne xax x (B y = max{x, y} h TponHHecKoe 
yMHOJKeHHe xax x ® y = x + y. 

PaccMOTpHM H^eMnoTeHTHyro CHCTeMy ypaBHeHHii, nojiyHenHyro h3 ypaB- 
HeHHii ([2J 3aMeH0H o6biHHbix onepaiiHH na hx TponHHecKne anajiorH h 
KOMnjieKCHbix K03(J)(J)HLi,HeHT0B Ha jiorapH(J)Mbi HX MO^yjieii: 

(5) \og\Wk\ = \og\Ek\ ® ( log|afc,| 0log|^,|), 

H 

(6) \og\Wk\ = log|5fe| ® ( \og\ak,\®\og\E,\), 

SaMBTHM, HTO MHOrOrpaHHHKH HbK)TOHa ^Jlfl ypaBHeHHH (|2j COBHa^aKDT c 

BbmyKJioii o6ojiohkoh HO^MHOJKecTBa Bepmnn e^HHHHHoro Ky6a b R^" h 
He co^epjKaT HOSTOMy Bnyipn ce6fl TOHex iiejiOHHCJienHoii pemeTKH. 
KaK flOKa3aHO b |6] , b stom cjiy^ae ypaBHenne cnaiiHa aMe6bi coBnaviiaiOT 
c ypaBHeHHflMH H^eMnoTeHTHoii CHCTeMbi, pe3yjibTaTa ^eKBaHTOBanHfl /. 
OTcro^a jierKO nojiyHaeTca cjie^yiomafl 



Teopema. Peuienae iiflfiMnoTeHTHoii ciiCTSMbi ypaBHSHaa (|5|, Q cob- 
na^aeT c MHOxecTBOM tohbk nepeceneHaa npeflejiOB aMe6 ypaBHeHHii (|2| 

HpH peTpaKH,HH HX Ha CBOH CHaHHbl. 

Hcnojib3yfl 3Ty Teopeny mojkho cjie^yiomHM o6pa30M nojiyHHTb npo- 
CTyro MO^ejib ^jih aHajiH3a 3anaca ycToiiHHBOCTH sjieKTposHepreTHHecKoii 
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CHCTeMbl. 
IlyCTb 

E*^{E,,...,E^)eiC\{0}r 
pemeHue cucTeMM (1). Haii^eM pemeHne u^eMnoTeHTHoii cucTeMbi ypas- 
HeuHH (6), (7), 6jiH}KaHmee k BexTopy Log{{E*,E )) b R^". By^en ro- 
BopuTb, HTO o6jiacTb napaMeTpoB ^e(|)opMaD,HH aBJiaeTCH o6jiacTbK) npn- 
TajKeuHfl (oTTajiKHBauHfl) , ecjiH npu cooTBeTCTByromeii ^e4)opMaD,HH pe- 
ineHHe n^eMnoTeHTHoii cncTeMbi npH6jiH}KaeTCfl (y^ajiaeTca) ot no^npo- 
CTpancTBa, onpe^ejiaeMoro ypaBHenuHMH Q b R^". 

Sa^aHa naxojK^eHHfl rpaHHD,bi, pas^ejiflromnx o6jiacTH npHTAJKeuHH h ot- 
TajiKHBauHfl B cjiyHae u^eMnoTeHToii cncTeMbi MOJKeT paccMaTpuBaTbca, 
KaK ecTecTBeuHbiii MO^ejibUbiii anajior aa^aHu naxojK^eHHfl sanaca ycToii- 
HHBOCTH. TaKaji aa^a^a, no cpaBHenHio c anajinsoM aaBHCHMOCTH ot na- 
paMBTpoB pemeHHH BeniecTBennbix MHoroMepnbix cncTeM ajire6paHHecKHx 
ypaBHeHHH, pemaeTca cyniecTBenHO npom,e b n^eMnoTenTHOM anajinse, r^e 
ona, no cym,ecTBy, cbo^htca k anajinsy cncTeM Jinnennbix ypaBHennii sa- 
BHCflm,Hx OT napaneTpoB. 

JiHTepaTypa 

[1] EBflOKyHHH r.A. SAeKmpunecKue cucmeMU u cemu. 0115, 2001. 

[2] JIhtbhhob r.JI. fleKeaumoeaHue MacAoea, udeMnomeHmnax u mponuHecKasi Ma- 

meMamuKa: Kpamnoe eeedenue. SanacKH HayiHtix ceuHHapOB nOMH, 326 (2005), 

145-182. 
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network. Mathematics and Computers in Simulation. 45, (1998) P. 163-174. 
[4] Gelfand I., Kapranov M., Zelevinsky A. Discriminants, resultants and 

multidimensional determinants. Birkhauser: Boston, 1994. 
[5] Passare M., RuUgard H. Amoebas, Monge - Ampere measures and triangulations 

of the Newton polytope . Research Reports in Mathematics., Stockholm 

University,10,2002. 

[6] Passare M., Tsikh A. Amoebas: their spines and their contours Contemporary 
Math. 377 (2005), P. 275 - 288. 
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KjiaccHHecKHe h HeapxHMeflOBM aMe6i>i b Bonpocax 
paciuHpeHHsi nojieii 



O.B. SnaMencKaM 



Ilojie P HasbiBaeTCfl ajire6paHHecKHM pacmnpeHHeM, hjih pacmnpeHHeM 
Fajiya nojia K, ecjiH cymecTByeT ajire6paHHecKoe ypaBHeHne 



c K034)4)HLi,HeHTaMH B nojie K, TaKoe, hto nojie P nojiyHaeTca npncoe^H- 
HeHHeM K K Bcex Kopneii SToro ypaBHennfl. H3BecTH0, hto Bce Taxne pac- 
niHpeHHfl KoneHHOMepHbi. 

TaKHM o6pa30M, b KJiaccHHecKoii TeopHH KOHeHHbie pacniHpeHHfl CTpo- 
HTCfl npH noMomH npHCoe^HHeHHH K HCxo^HOMy nojiK) Hyjieii nojiHHOMOB 
OT o^Horo nepeMeHHoro. Haina ijejib — HsyHenne 6ecK0HeHHbix anajio- 
roB 3THX pacniHpeHHH, onpeflejiHeMbix nojiHHOMaMH ot necKOJibKHx nepe- 
MeHHbix, fljiR cjiyHaa HeapxHMe^OBbrx nojieii. Bojiee tohho, nama aa^a^a 
cocTOHT B onHcaHHH 6ecK0HeHHbix pacniHpeHHii no^nojien neapxHMe^OBa 
nojifl K pa^OB YltOTiso. 

HanOMHHM, HTO B nOJie K C HeapXHMe^OBblM HOpMHpOBaHHeM HopMa 

sjieMeHTa a € K MOJKeT 6biTb onpe^ejiena Hepes noxasaTejib HopMHpo- 
BaHHH val(a) nojia K npn noMOiri,H cooTHomeHHfl \a\ — e^^^^^"^. 3flecb 
val(a) ecTb OTo6pa}KeHHe K ^ KU {oo}, onpe^ejieHHoe na sjienenTax K h 
y^OBJieTBopfliomee cjie^yiomHM ycjiOBHSM [1]: 

a) val(a) = oo Tor^a h tojibko Tor^a, Kor^a a = 0; 

b) val(a6) = val(a) + val(6); 

c) val(a + &) ^ niin(val(a), val(6)). 

IlyCTb K — nOJie pa^OB IlroHSO C K03(J)(J)HLl,HeHTaMH B npOH3BOJIbHOM 

nojie k, I.e. pa^OB a(t) BH^a 



no ^po6HbiM CTeneHflM qj nepeMenHoro t, r^e Aa C Q — Bnojine ynopfl^o- 
HeHHoe MHOJKecTBO. IloKaaaTejib neapxHMe^OBa HopMnpoBannfl val b stom 
cjiynae nojiaraeTca paBHbiM minAa- 

BecKoneHHbie pacniHpeHHfl nojia K 6y^eM CTpoHTb cjie^yromnM o6pa- 

30M. PaCCMOTpHM nOJIHHOM 



(1) 



Co + CiX + C2X^ + • • • + c„x" — 



it) = E ^^t" 



(2) 
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H3 K[zi, . . . , z„] c K034)4)HiiHeHTaMH aa{t) G L C K, r^e L — no^nojie K. 
Onpe^ejiHM pacmnpeHHe ¥/L xax MHOJKecTBO BceBOSMOJKHbix 3HaHeHHii 

nOJIHHOMOB 

f3eB 

r^e z{t) — (zi(t), . . . , z„(i)) HBJiaeTCfl pemeHneM ypaBHennH f — ^jih 
nojiHHOMa / BH^a ([2]). 

OTMeTHM, HTO caMbiH npocTOH cjiyHaH pacmnpeHHii Fajiya — d,hk- 
jiHHecKHe pacmnpeHHa, nojiyHaroTca npncoe^HHeHHeM k ncxo^HOMy nojiro 
Bcex Kopneii h3 eflHHHD;bi, T.e. pemeHnii ^ByHJienHoro ypaBHennfl — a = 
0. OHeBH^HO, Bce KopHH nojiHHOMa Fajiya f{x) = a;™ — a: 

• jiejKaT Ha OKpyjKHOCTn; 

• Ha OKpyjKHOCTH OHH paBHOMepHO pacnpe^ejieHbi. 

MnoroMepHbiH anajior nepBoii h3 yKa3aHHbix reoMeTpnHecKHx xapaxTepn- 
CTHK pemeHHii nojinnoMOB Fajiya MOJKeT 6biTb ccjaopMyjinpoBan na fl3biKe 
aMe6. 

AMe6oH Af KOMnjieKCHoii rnnepnoBepxHOCTH V € (\{0})"i 3a^aBae- 
MOH nojiHHOMOM / (cM. j2]), Ha3biBaeTCfl ee o6pa3 npn OTo6pa}KeHHH 

Log :(C\{0})"^M", 

^eiicTByiomeM no npaBHJiy 

{zi,...,Zn) — > (log|2;i|,...,log|z„|). 

AMe6y, onpe^ejiaeMyio TaKHM o6pa30M, Ha30BeM KJiaccHHecKoii. 

OnPEflEJiEHHE 1 (cm. [3]). KjiaccHHecKaa aMe6a Af Ha3biBaeTca co- 

JIH^HOii, eCJIH HHCJIO CBfl3HbIX KOMHOHeHT flOnOJIHeHHfl K Hefl MHHHMajIbHO. 

MnoroMepHoe o6o6nieHHe Toro (jjaxTa, hto Bce KopHH ,f{x) = — a 
jiejKaT na e^HHHHHon OKpyjKHOCTH na fl3biKe aMe6 BbipajKaeTca b tom, hto 
aMe6a Af noAuuoMa f coAudua. 

SaMBTHM, HTO eCJIH Tl = 1, TO aMe6a npOH3BOJIbHOrO nOJIHHOMa OT 

o^Horo nepeMeHHoro ecTb KoneHHoe MHOJKecTBO TOHex b M} . Cojih^hmmh b 
3T0M cjiyHae 6y^yT tojibko aMe6bi, cocToanine h3 o^noii tohkh h HMeronine 
jinnib ^Be CBa3Hbie KOMnoneHTbi b flonojiHennn, a 3to h ecTb b tohhocth 
aMe6bi nojiHHOMOB Fajiya. 

HanoMHHM, HTO MHororpaHHHKOM HbHDTOHa A// nojiHHOMa f OT n ne- 
peMeHHbix Ha3biBaeTCfl BbinyKJiaa o6ojiOHKa noKa3aTejieii ero mohomob b 
K". KonycoM peu,eccHH BbinyKJioro MHOJKecTBa E C M" Ha3biBaeTCfl MaK- 
CHMajibHbiii Konyc cpe^n Tex, KOTopbie c^bheom mojkho noMecTHTb b E. 
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CorjiacHO peayjibTaTan M. <I)opc6epra, M. Ilaccape h A.K. I^Hxa j4]. 

cnpaBe^jiHBa 

Teopema 1. Cymecmeyem ecmecmeeHHaM UHneKmuenasi ^yuKV/usi 
nopsidKa v ua MHOotcecmee {E} censHux KOMnoHenm donoAHCHUsi W^\Af 
aMe6u sunepnoeepxHocmu f ~ 0, conocmaeAsimvuasi Kaotcdou KOMnouen- 
me E ueKomopym v,eAOHUCAeHHym moHKy ^{E) U3 MHOzozpaHHuna Hbw- 
moua Aff. Kouyc pev,eccuu KOMnoHeumu E coenadaem c KouycoM, deou- 
cmeeHHUM k Mf e moHKe ^{E). 

TaKHM o6pa30M, MHororpaHHHK HbroTona OTpajKaeT CTpyxTypy KJiac- 
CHHecKoii aMe6bi. B HacTHOCTH, hhcjio cbashmx KOMnoneHT ^onojiHenHH 

\ Aa He MeHbine HHCJia BepniHH h ne 6ojibme HHCJia Bcex ijejibix tohck 
MHororpaHHHKa HbiOTOHa A//. 5Icho, hto KJiaccHHecKaa aMe6a cojiH^na, 
ecjiH HHCJio KOMnoneHT ^onojinenHfl CTporo paBHO nncjiy BepniHH A//. 

C TOHKH speHHfl MHororpaHHHKOB HbHDTOHa, MHoroMepHbiM aHajioroM 
nojiHHOMOB Fajiya flBJiaroTCfl, Tax nasbiBaeMbie, MancuMaAbHO paspeotcen- 
Hue noAUHOMU f3], T.e. nojiHHOMbi BH^a: 

/ = X! 

r^e c HenyjieBbiMH KOScjscjjHiiHeHTaMH bxo^at tojibko mohomm, cooTBeT- 
CTByromHe BepniHHaM Aff. M. Hncce 6biJi aaaBJien peayjibTaT, hto KJiaccH- 
HBCKafl aMe6a jiK)6oro MaKCHMajibHO paapejKenHoro nojiHHOMa cojiH^na. 

/Jajiee nac 6y^eT HHTepecoBaTb Bonpoc cojih^hocth neapxHMe^OBbix 
aMe6 HyjieBoro MHOJKecTBa MaKCHMajibHO paapejKenHbix nojiHHOMOB ([2j, 
npH noMomH KOTopbix CTpoflTCfl 6ecK0HeHHbie pacniHpeHHa P/L neapxH- 
Me^OBa nojifl pa^OB IIiohso. 

Onpe^ejiHM no anajiornH cbohctbo cojih^hocth fljisi neapxHMe^OBbix 
aMe6. IlycTb K — nponsBOJibHoe neapxHMe^OBO nojie h val(a) — ero no- 
KasaTejib HopMnpoBannfl. 

OnPEflEJiEHHE 2 (cm. [5l[6]). AMe6oii A{V) ajireSpanHecKoii rnnep- 
noBepxHOCTH V C (K*)" nasbiBaeTCH saMbiKanne o6pa3a V npn OTo6pa- 

JKBHHH 

Log : (zi, . . . , z„) ^ (-val(zi), . . . , -val(z„)). 

Hs TBopeMbi [l] cjie^yeT, hto Konycbi peijeccHH Bcex KOMnoneHT ^o- 
nojineHHfl KJiaccHHecKOH cojih^hoh aMe6bi nojiHOMepHbi. CooTBeTCTBenHO, 
fljifl neapxHMe^OBa cjiynaa mojkho ^aTb cjie^yromee 

OnPEflEJiEHHE 3. HeapxHMe^OBa aMe6a A{V) nasbiBaeTca cojih^hoh, 
ecjiH jiK)6afl CBfl3Haji KOMnonenTa ^onojinenHfl k neii HMeeT nojiHOMepHbiii 
KOHyc peijeccHH. 
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IlycTb K — nojie pa^OB XlroHSO. 

Teopema 2. HeapxuMedoea aMe6a MaKCUMUAbHO paspeotceHHOso no- 
jiuHOMa, onpedcAsimvuezo MHOzoMepnoe pacmupeuue FaAya noAsi K, coAud- 
ua. 

CorjiacHO |6] cymecTByeT ^BoiicTBeHHOCTb MejK^y HeapxHMe^OBoii ane- 
6oii .A(T^) H noflpa36HeHHeM MHororpannHKa HbiOTOHa nojinnoMa, onpe- 
flejiflromero V . C y^eTOM SToro cnpaBe^jiHBa 

Teopema 3. B cAyuae n — 2 ecAu neapxuMedoea aMe6a coAudua, mo, 
KUK zpaip, OHU He UMeem vfliKAoe. 

IlyCTb f(z) — ^ Cq^", Z — (zi,...,Z„) G C" — nOJIHHOM, Bce ko- 
34)4)HD,HeHTbI KOTOpOrO HMeHDT paD,HOHajIbHbie MO^yjIH, T.e. BCe |Cq| G Q. 

Onpe^ejiHM nojinnoM F cjie^yroinHM o6pa30M: 

r^e Ca{t) TaKOBbi, HTO |cQ,(i)| — e^''^"'. B yKasannbix npe^nojiojKeHnax 
cnpaBe^jiHBa 

Teopema 4. Ecau KAaccuuecKasi aMe6a Af coAudua, mo u neapxu- 
Medoea aMe6a A{V) coAudua. 

B ^OKaaaTejibCTBe TeopeMbi HcnojibsyroTCH noHflTna xpe6Ta aMe6bi h 
TponHHecKoro MHOroo6pa3Ha, onpe^ejiaeMoro npn noMOiri,H TponnKajinsa- 
d;hh nojiHHOMa F. 
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06o6ii];eHHe yjibTpaBTopHHHoro KBaHTOBaHHsi ^jisi 
cJjepMHOHOB npH HenyjieBOH TeMnepaiypej^ 

r.B. Koeajib u B.U. MacAoe 

B pa6oTax B.Il. Macjiosa pa3BHT MeTO^ yjiBTpaBTopHHHoro KBaHTO- 
BaHHfl H KOHiieniiHfl HCTHHHoro CHMBOJia [U |2l |3]. 9tot MeTO^ n03B0- 
jifleT Haxo^HTb acHMnTOTHHecKHe cepHH CHCTeM 6ojibmoro HHCJia HacTHn; 
npH HyjieBoii TennepaType. B HacTHOCTH, neKOTopbie cepHH onpe^ejiaiOT- 
CH nepHO^HHecKHMH pemeHHflMH CHCTeMM ypaBHeHHii FaMnjibTOHa, coot- 
BeTCTByromeii HCTHHHOMy CHMBOJiy [2l [3] paccMaTpHBaeMoii (jjHSHHecKoii 
CHCTeMbi. B ^aHHoii pa6oTe naiifleHO cooTBeTCTBHe MejK^y ypaBHenHfl- 
MH MeTO^a yjibTpaBTopHHHoro KBaHTOBaHHfl no napaM fljiR (jaepMHonoB 
H ypaBHeHHSMH BapnaiiHOHHoro MeTO^a BorojiK)6oBa. Tax xax Bapnaiin- 
OHHbiii MeTOfl BorojiK)6oBa npHMennM jijir cjiynaa HenyjieBoii TennepaTy- 
pbi, H3 npHHiiHna cooTBeTCTBHfl nojiyneHO o6o6iri,eHHe ypaBHeHHii MeTO^a 
yjibTpaBTopHHHoro KBaHTOBaHHH 4)epMH0H0B Ha TeMHepaTypHbiii cjiynaii. 

B CTaTbe [3] HOKasano, hto acHMHTOTHKa cepnii co6cTBeHHbix 3Ha- 
HeHHH CHCTeMbi N TOJK^ecTBeHHbix (JjepMHOHOB B Hpe^ejie HpH N oo 
OHpe^ejiaeTCfl pemenHflMH cjie^yionieH CHCTeMbi ypaBHeHHii 

(1) 

n<i>{x,y) =[-^ (A, + A,) + U{x) + U{y) + V{x,y)^ ^{x,y)+ 
dzdw {V{x, y) + V{z, w)) ^'^{z, w)<^{x, z)<^{w, y), 

m+{x,y) =(-^ (A, + A,) + U{x) + U{y) + V{x,y)^ 

r^e x,y A4 — KOop^HnaTbi nacTHH,, HpocTpancTBO M OHpe^ejiaeTCfl sa- 
flanen, nanpHMep, sto MOJKeT 6biTb R'^, hjih TpexMepnbiH Top, A^;, Ay — 
onepaTopbi Jlanjiaca, ^eiicTByioniHii ho cooTBeTCTByronieii HepeneHHoii x 
HJIH y, U{x) — HOTeHH,Haji BHemnero hojia, V{x, y) — HOTeHH;Haji Bsan- 

MO^eiiCTBHfl, CHMMeTpHHHblii OTHOCHTejIbHO HepeCTaHOBKH HepeMeHHbix X 

n y, m — Macca nacTHii,, h — HOCTOHHHaa IljiaHKa, f2 — ^eiicTBHTejibHoe 



^Pa6oTa BtmojiHena npa noflflepjKKe rpaHTOB POOH 05-01-00824 h 05-01-02807- 
HIIHHJI a. 
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HHCJIO. <I>yHKD,HH ^(x , y) , {x, y) G L2{A4) — aHTHCHMMeTpUHUbl OTHO- 

CHTejibHO nepecTanoBOK nepeMeuHbix x vi y u y^OBJieTBopaiOT ycjiOBuio 

(2) J I dxdy ^+{x,y)^{x,y) = ^. 

ypaBHeHHfl (jlj nojiyHaiOTca npn yjiBTpaBTopuHHOM KBaHTOBauHH no 
napaM. B TaxoM KBaHTOBannn paccMaTpnBaeMoii cncTeMe 4)epMH0H0B ot- 
BeHaeT ncTHHHbiii chmboji BH^a 

(3) 

j j dxdy^+{x,y) (^-^{A, + Ay) + U{x) + U{y) + V{x,y)^ <i>(x,y)+ 
+ 2 dxdydzdwV{x,y)<^^{x,y)<^^{z,w)'^{x,z)<^{w,y), 



KOTOpblii flBJIfleTCfl 4)yHKU,H0HajI0M OT flByX aHTHCHMMeTpHHHblX 4)yHKU,Hii 

<!>"'" (a;, ?/) H ^{x,y) h3 L2{M^)- 9T0My CHMBOJiy cooTBeTCTByeT CHCTena 
ypaBHeHHH FaMnjibTOHa 

d<^, , 5 A , , 5 A 



dt' ' 5^+{x,y,t)' 9i ' ' S<P{x,y,t)' 

r^e B npaBoii ^acTH ypaBHeHnii ctoht BapHau,HOHHafl nponsBO^naa (J)yHK- 
u,HOHajia (|3}. CncTeMa ypaBHeHnii Q nneeT nuTerpaji ^BHJKeHHfl, bh^ 
KOToporo coBna^aeT c BbipajKenneM b jieBoii HacTH paBencTBa YpaB- 
neHHfl ([iJ nojiyHaroTCfl ns Q b HacTHOM cjiyHae, Kor^a 

(5) <i>(x,y,t)=a>(x,y)e-'"*, <i>+(a;,y,t) = a>+(a;,y)e'"*. 

SannmeM ([iJ b ^pyroM BH^e. BBe^eM 4)yHKu;HH G{x,y), R{x,y) n 
R{x,y) 



R{x, y) = y), G(x, y) ^ 2 j dz z)$(y, z), 

(6) 



R{x,y)^2l^{x,y)- j 



dz ^{x, z)G{z, y) 



B CHJiy aHTHCHMMeTpHH 4)yHKIIHH <i>+(a;,?/), '^{x,y) ^JIA 4)yHKU,HH ^ Bbl- 

nojiHaHDTCfl paBencTBa 

(7) R{x, y) = -R{y, x), R{x, y) = -R{y, x), 

(8) G{x,y) — / dz G{x, z)G{z,y) + / dz R{z,x)R{z,y). 
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H3 (|2) cjie^yeT 



(9) dxG{x,x) = N. 



nPEflJlO>KEHHE 1. 0yHKV,uu G{x,y), R{x,y), R{x,y) ydoe.AemeopM- 
wm cucmeMe ypaeneHuu 



(10) 

^ (A, - A,) + U{x) - Uiy)) G{x, y)- 
2m J 

dz {V{x, z) - V{y, z)) R{x, z)R{z, y) = 0, 

~{^. + A,) + U{x) + U{y) + V{x, y)J R{x, y)- 
- j dz iVix,z)G{z,y)R{x,z) + V{y,z)G{z,x)R{z,y))^nRix,y), 



2 m 
dz 



(A, + A^) + U{x) + U{y) + V{x, y) ] R{x, y)- 



{V{x, z)G{v, z)R{x, z) + V{y, z)G(x, z)R{z, y)) - nR{x, y). 



/JeiicTBHTejibHO, Henocpe^CTBeHHoii npoBepKoii y^ocTOBepaeTCfl, hto 



4)yHKLi,HH (|6| y^OBJieTBopflHDT ypaBHeHHflM (10 1, ecjiH (J)yHKLi,HH <i>''"(x,y), 
<i>(a;, y) y^OBJieTBoparoT ([ij. 

HTo6bi o6o6iri,HTb ypaBHeHHfl (jlj na cjiyHaii HenyjieBoii TeMnepaTypbi, 
npHMeHHM npHHiiHn cooTBeTCTBHH MejK^y 3THMH ypaBHeHHSMH H ypaB- 
HeHHflMH BapnaiiHOHHoro npHHiinna Borojiio6oBa npn HenyjieBoii Tenne- 
paType. To ecTb hcxo^a h3 TeMnepaiypHbix ypaBHenHii BapHaijHOHHoro 
npHHiiHna BorojiK)6oBa, no npHHiinny cooTBeTCTBHH naii^eM o6o6iri,eHHe 
ypaBHeHHH ([ij na TeMnepaTypHbiii cjiynaii. 
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PaccMOTpHM ypaBHeuHfl BapHaD,HOHHoro MeTO^a BorojiK)6oBa. Xlpn 
TeMnepaType 9 > jiJin paccMaTpHBaeMoii cncTeMM (jjepMHonoB h3 Ba- 
pHaD,HOHHoro MeTO^a BorojiK)6oBa [4] nojiyHaiOTCH ypaBHennfl 

(11) 

XaUa{x) ^ (^--^A + U{x) ~ fi^ Ua{x) + J dy V {x , y) Rb{x , y)v*^{y)+ 
+ J <^y V{x^y) {GB{y,y)ua{x) " GB{y,x)ua{y)) , 



-\aVa{x) 



2m 



A + U{x)-ti]vo,{x)+ / dyV{x,y)RBix,y)ul{y)+ 



+ J dy V{x,y){GB{y,y)va{x) ~ GB{y,x)va{y)) , 

r^e a = 1,2,..., 4)yHKD,HH Ua{x) h u^(a;), a TaxjKe Va{x) n v^{x), kom- 
njieKCHO conpH>KeHbi flpyr flpyry h y^OBJieTBopaiOT ycjiOBHHM 

(12) 

dx [ul{x)vp{x) + Va{x)u*^{x)) ^ dx [ua{x)v*p{x) + v'^{x)uf,{x)) = 0, 



dx {u*^{x)Uj3{x) + Va{x)v*p{x)) ^ SajS, Vof, /? = 1, 2, . . . , 



r^e Sa/3 — CHMBOJi KponeKepa. KpoMe Toro b ypaBHennflx (12 I (J)yHKD,HH 
RB{x,y) H GB{x,y) uMeiOT bh^ 



(13) 

r^e 
(14) 



Rb{x, y) = X! Q ~ {Va{x)Ua 



(y) - Va{y)Ua{x)) , 



Gb{x, y) = ^ {v*^{x)va{y) (1 - Ua) + ul{x)ua{y)na) 



a=l 



exp(A„/6i) + 1 ' 



a )j, onpe^ejiHeTCfl h3 ycjiOBna, hto (J)yHKD,Hfl Gb{x, y) (131 y^OBJieTBopaeT 
paBencTBy 



(15) 



dx Gb{x, x) = N. 



<I>yHKD;HH (13 1 H KOMnjieKCHO conpfljKeHHaa k RB{x,y) 4)yHKD;Hfl 
R*g{x,y) npu jiK)6oii TennepaType 9 y^OBJieTBoparoT paBencTBaM 
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(16) RB{x,y) = -RB{y,x), R*g{x,y) ^ -R*B{y,x), 

(17) GB{x,y)^G%{y,x), 



a H3 ypaBHeHHH (111 cjie^yeT, hto sth (J)yHKLi,HH TaKJKe y^OBJieTBopaiOT 
CHCTeMe ypaBHeHHii 

(18) 



2m 



(A, - Ay) + U{x) - U{y)j Gs(x,2/) + 
+ j dz{V{x,z) -V{y,z))Rs{x,z)RBiz,y)+ 

+ [dz {V{x, z) - Y{y, z)) (Gb(z, z)Gb{x, y) - Gb(x, z)Gb{z, y)) = 0, 

(A, + Ay) + U{x) + U{y) + V{x, y)^ i?B(x, y)- 
- y (V^(a;, z)Gb{z, y)RBix, z) + y(j/, z)Gb{z, x)Rb{z, y)) + 
+ / dzy(a;, z) {Gb{z, z)Rb{x, y) - Gb{z, x)Rb{z, y)) + 



2m 



+ J dzV{y, z) {Gb{z, z)Rb{x, y) - Gb{z, y)RB{x, z)) = 2^Rb{x, y), 

r^e ^onojiHHTejibHoe ypaBHenne nojiyHaeTca KOMnjieKCHbiM conpajKeHneM 
BToporo ypaBHeHHH 4)opMyjibi (181. 

EcjiH 9 — 0, TO H3 ( 14 1 cjie^yeT, hto Ua HpHHHMaeT snaHenne hjih 
1 ^JIH Bcex a — 1,2, ... . Tor^a h3 (12 I cjie^yeT, hto (J)yHKn;HH (131 npn 
HyjieBoii TennepaType y^OBJieTBopaiOT ycjiOBHK) 

(19) GB{x,y)^ dz GB{x,z)GB{z,y) + dz R*g{z,x)RB{z,y). 



PaBencTBa ( |19| , ( 16 1 h ( |15| coBna^aroT cooTBeTCTBenHO c paBencTBa- 
MH JsJ, ([tJi H (|9j, ecjiH no npHHiinny cooTBeTCTBHa saMenHTb _R^(x, y) 
na _R(x, y), Rb{x, y) na R{x, y), Gb{x., y) na G{x, y). ypaBHenHa (18 1 npn 
TaKoii aaMene ne nepexo^HT b ypaBHennfl ( |10| , o^naKO, ecjin 2/i b (18 1 sa- 
MeHHTb na fi, to oneBH^no cooTBeTCTBne MejK^y o^noii cncTeMoii h Apy- 
roii, cooTBeTCTByiomHe Apyr jxpyvy ypaBHennfl OTJinnaiOTCfl necKOJibKHMH 
cjiaraeMbiMH b jieBoii nacTH. KpoMe Toro, ^jia nacTHoro BH^a BsaHMO^eii- 
CTBHfl, nanpHMep, Taxoro xax b mo^bjih BKLU [5], ypaBHennfl (18 1 nocjie 
saMeHbi coBna,n;aK)T c (10 1. 
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OTMeTHM, HTO 4)yHKD,HH GB{x,y), RB{x,y), R*g{x,y) y^OBJieTBopaiOT 
BojibineMy HHCJiy ycjiOBnii, Hen 4)yHKD,HH G{x,y), R{x,y), R(x,y). fl)yHK- 
d;hh <I>(a:,j/), <!>"'" (x, ?/), y^OBJieTBOpflioiri,He ypaBHennflM b o6iri,eM cjiy- 
Hae He ABJiHiOTCfl KOMnjieKcno conpajKeuHMMH flpyr flpyry [2]. IlosTOMy 
H3 4)opMyji ([gI cjie^yeT, hto (J)yHKiiHfl i?(a;, y) ne ^ojiJKna 6biTb KOMnjiexc- 
HO conpfljKeHHoii k y), a (J)yHKiiHa G(a;, ?/) ne ^ojiJKna y^OBJieTBopaTb 

yCJIOBHK) ( 17 1. 

H3 COOTBeTCTBHa MejK^y 4)yHKIIHflMH ( [6| H (131, nOJiyHHM, HTO TeM- 

nepaTypHbiM anajioroM cncTeMbi ypaBHeuHii M HBJiaeTCH cjie^yiomafl ch- 
CTena ypaBHeuHii: 

(20) 



\aUa{x) = 


( A 


-C/(x) 


\aVa{x) = 


( A 


-[/(x) 


AQUQ(a;) = 


^ A 


-[/(x) 


AaWQ(a;) = 


^ A 

A ^ 

I 2m 


-C/(x) 



r^e G{x^y)^ R{x^y) h R{x,y) Bbipa:acaK)TCii cjie^yiomHM o6pa30M: 
{va{x)va{y) (1 - n^) + Ua{x)ua{y)na) , 

(21) -R(a;,?/) = X! ( I ^ ) - Va{y)ua{x)) , 



R{x^y) = Q ~ ('ya(a:^)Ma(y) - Va{y)Ua{x)) 



Uq. BbipajKaeTCfl Hepe3 n 9 cJjopMyjioii (14 1, a 4)yHKD,HH Ua{x), Va{x), 

Ua{x 

ycjio 
(22) 



Ua{x), Va{x), a = 1,2,... KpoMe ypaBHeHuii (20 1 eme y^OBJieTBoparoT 

yCJIOBHflM 



dx {Ua{x)vi3{x) + Va{x)Ufj{x)) ~ J dx {Ua{x)vfj{x) + Va{x)ui3{x)) ~ 0, 
dx {Ua{x)Uf){x) + Va{x)Vj3{x)) = 6ai3, '^a, f3 = 1, 2, 
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IlapaMeTp fi b ypaBHenHflx (201 onpe^ejiaeTCfl h3 ycjiOBHfl, hto (JjyHKiiHa 
G{x,y) H3 (21 1 y^OBJieTBopaeT ycjiOBHK) (|9}. 

nPEflJ10>KEHHE 2. ECAU (pyHKV,UU Ua{x), Ua{x), Va{x), Va{x), a = 

1,2,... ydooAemeopsimm cucmeMe ypaeneHuu ^20]j u ycAoeuMM \22]j , mo 

ydoBAemeopsimm cucmeMe ypaene- 
evue ydoeAemeopMwm 



^yHK%uu [ 21 ) npu Am6oM 9 > 
Huu (10) c fl — 2fi u ycAoeuMM (^[5), a npu 9 
ycAoeum 



eTCfl npHMoii no^CTanoBKoii (jjyHKiiHH 



MHOJKecTBO pemeHHii ypaBnenHH ( 18 



B CHJiy ypaBHeHHH (20l h ycjiOBHii (22 1 sto yTBepjK^eHHe ^OKasbiBa- 

([21 1 B (i)opMyjibi ( |7p0 |. 



niHpe, HBM MHOJKeCTBO 4)yHK- 



nw (131, BbipajKeHHbix Hepes pemenHfl CHCTeMbi ypaBHenHii (111. B 



noKaaano, hto CHCTeMa ypaBnenHH (18 1 MOJKeT 6biTb aanHcana b BH^e na- 
pbi: 

(23) \a, L\ = 0, 



a MHOJKecTBy pemeHHii TeMHepaiypHbix ypaBHenHii (111 cooTBeTCTByeT 

I KOTO 



A 



TaKoe pemeHHe ypaBnenHfl (231, pjiR KOToporo 
(24) 
r^e 

(25) feiO 



1 



exp(C/0) + 1 



J\ii5i ypaBHenHii ( 20 1 h \2Q\ cnpaBe^jiHBO anajiornnnoe yTBepjK^enne. Pac- 



CMOTpHM MaTpHH,bI A H L BH^a 



(26) 



A = 



G 



R 



R 



1 /-<t 

2 - U 



)' 


( f 











r^e R, R — onepaTopbi b npocTpancTBe L2{M), sa^aBaeMbie nnie- 
rpajibHbiMH flflpaMH G{x,y), R{x,y), R{x,y) cooTBeTCTBenno, G* — one- 

paTop, sa^aBaeMbiii b L2{M) H^poM G*(a;, y) — G(y, x), B n B — a^paMH 
B(x,y) = V{x,y)R{x,y) n B(x,y) = V{x,y)R{x,y) cooTBeTCTBenno, a 
onepaTop T — onepaTop FaMnjibTona fljiR o^noii HacTHH,bi, to ecxb one- 
paTop BH^a 

f^-^A + Uix). 



rio^CTanoBKa (26 1 b (23 1 npnBO^HT k HeTbipen ypaBnennaM, h3 ko- 



Topbix ^Ba coBna^aroT, a Tpn neaaBHCHMbix npHBO^flTca k BH^y (10 1. Ilo- 
STOMy cnpaBe^jiHBO cjie^yromee yTBepjK^enne. 
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nPKgjlO>KEHHE 3. CucmcMa ypaeueHuu ^ Moofcem 6umb 
e eude [23), sde A u L UMemm eud {26), a 2/i = fl. 



sanucaua 



KpoMe Toro, pemenHflM cncTeMM ypaBHeHnii (10 1, BH^a (21 1, koto- 
pbie nojiyHenbi h3 pemeHuii ypaBHeHnii ( 20|22 1 , cooTeeTCTByroT Taxne A h 
L, HTO fljifl HHx cnpaBe^jiHBO paBencTBO ( 24 1 . 9to HBJiaeTca cjie^CTBueM 
ypaBHeHHH ( [20|22| . 

B saKJiroHenue OTMeTUM, hto ypaBHennfl (101b TeMnepaTypnoM cjiy- 
Hae, nojiyHeHHbie s^ecb h3 npHHD,Hna cooTBeTCTBHs, MoryT 6biTb CTporo 
nojiyHenbi h3 ncTHHHoro CHMBOJia O |3] fljiR yjibTpaBTopHHHO KBaHTOBan- 
Horo ypaBHeHHH, OTBenaioniero MaTpHn;e hjiothocth [T] . 
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KoHTaKTHasi KjiaccHcJjHKai^Hii ypaBHeHHH MoHJKa-AMnepa 

A.r. Kyvmep 

1. FeoMeTpHHecKHe CTpyKTypti, accoLi;HHpoBaHHbie c ypasHeHH- 
HMH MoHxca-AMnepa 

Kjiacc ypaBHeHHH MoHJKa-AMnepa Bbi^ejiaeTCfl h3 MHoroo6pa3HH ypabue- 

HHH BTOpOrO HOpfl^Ka TeM, HTO OH 3aMKHyT OTHOCHTejIbHO KOHTaKTHblX 

Hpeo6pa30BaHHH. 9to o6cTOflTejibCTBO 6biJio H3BecTH0 enie Cocjjycy JIh, 
H3yHaBmeMy ypaBHeuHfl MoHJKa-AMnepa MeTO^aMH co3^aHHOH hm koh- 
TaKTHoii reoMeTpHH. B 1870-x h 1880-x oh nocTaBUJi Hpo6jieMbi KJiaccH- 
(J)HKaH;HH ypaBHeHHH MoHJKa-AMnepa OTHOCHTejibuo (HceB^o)rpyHHbi koh- 

TaKTHblX Hpeo6pa30BaHHH, B HaCTHOCTH, O HpHBe^eHHH ypaBHeHHH MOH- 

jKa-AMuepa k KBa3HJiHHeHH0H 4)opMe h HaH6ojiee npocTOM KOop^HuaTHOM 
Hpe^CTaBJieuHH Taxux ypaBHeuHii [5]. 
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B 1979 r. B pa6oTe [9] B. B. JlbmarHH noKa3aji,HTO ypaBHenHa MoHJKa- 
AMnepa ^onycKaroT 3(J)(J)eKTHBHoe onncaHHe b TepMHnax ^HcjjcjjepeHiiH- 
ajibHbix 4)opM Ha MHoroo6pa3HH I-^JKBTOB TJia^KHx (J)yHKLi,Hii. OTnpaBHoii 
TOHKoii flBJifleTCfl cjie^yiomee Ha6jiK)fleHHe. 

IlycTb M — n-MepHoe rjia^Koe MHoroo6pa3He, J^M — MHoroo6pa3He 
I-^JKBTOB rjia^KHx 4)yHKLi,Hii Ha M . Ha J^M ecTecTBennbiM o6pa30M onpe- 
^ejiena KOHTaKTnaa CTpyxTypa — pacnpe^ejieHne Kapiana C, b KanoKHHe- 
CKHx jiOKajibHbix KOop^HHaTax ^ap6y (g, u^p) = (gi, . . . , g„, u,pi, . . . ,pn) 
3aflaBaeMoe ^HcjacjsepeHiiHajibHOH l-(J)opMoii KapTana U = du—pdq. Orpa- 
HHHeHHe ^HcjjcjjepeHiiHajia (jaopMbi KapTana na noflnpocTpancTBO KapTa- 
na He BbipojK^eHO Ha HBM H OHpe^ejifleT CHMHJieKTHHecKyK) CTpyKTypy 

f^a = df/|c(a) G A2 (C*(a)). 

Co BCHKoii ^H4)4)epeHn;HajibHOH n-(|)opMOH w e Q,^{J^M) CBfljKeM 
HejiHHeHHbiii flH4)(i)epeHn,HajibHbra onepaTop : C°°(M) — > ri"(M), 
^eHCTByioniHH na rjia^Kyro (J)yHKiiHio v cjie^yromHM o6pa30M: 

(1-1) ^^{v) = n{vy{u). 

Sflecb ji{v) : M J^M — I-j^kbt 4)yHK^HH v e C°°(M). 

OnepaTpbi Ha3biBaiOTca onepaTopaMH Monotca-AMnepa, a ypaBHe- 
HHe = {Ai^{v) = 0} C J^M — ypaeHCHueM Monmca-AMnepa. Cjie^yro- 
mee o6cTOflTejibCTBO onpaB^biBaeT sth Ha3BaHHa: 6y^yHH 3anHcaHHbiM b 
jiOKajibHbix KaHOHHHecKHx KOop^HHaTax Ha J^M, onepaTop A^^ HMeeT tot 
}Ke caMbiii thh HejinneiiHOCTH no npoH3BO^HbiM BToporo nopa^Ka, hto h 
KJiaccHHecKHe onpeaTopbi MoHJKa-AMnepa, a HMenno, HejinneiiHOCTH Tnna 
onpe^ejiHTejifl MaTpniibi Fecce h ee MHHopoB. IlpH n = 2 mm nojiynaeM 
KJiaccHHecKoe ypaBHenne MoHJKa-AMnepa: 

(1.2) Avxx + 2Bvxy + Cvyy + D{vxxVyy - vly) + E ^0, 

r^e A, B, C, D, E — (JjyHKiiHH ot He3aBHCHMbix nepeMennbix x, y, (J)yHKLi,HH 
V — v{x,y) n ee nepBbix npoH3BO^Hbix Vx,Vy. 

IlpeHMymecTBOM Taxoro no^xo^a nepe^ KJiaccHHecKHM flBJiaeTCH pe- 
flyKijHfl nopflflKa npocTpancTBa ^jkbtob: mm Hcnojib3yeM 6ojiee npocToe 
npocTpancTBO 1-fljKeTOB J^M bmbcto npocTpancTBa 2-fl>KeT0B J'^M, b ko- 
TopoM, 6y^yHH ypaBHeHHSMH BTOporo nopa^Ka, ad hoc ^ojijkhm jiejKaTb 
ypaBHenna MoHJKa-AMnepa. 

B cjiyHae, Kor^a K03(J)(|)HLi,HeHTbi ypaBHennfl (1.2 I ne 3aBHcaT abho ot 
(JjyHKiiHH V CHTyaiiHH eme 6ojiee ynpomaeTca: b onpe^ejiennH onepaTopa 
(1.1 1 BMecTO npocTpancTBa I-^jkbtob mojkho paccMaTpHBaTb KOxacaTejib- 
Hoe paccjioeHHe T* M MHoroo6pa3Ha M, a BMecTO KOHTaKTHoii reoMeTpHH 
— CHMnjieKTHHecKyro. TaxHe ypaBHennfl MoHJKa-AMnepa 6yfleM Ha3biBaTb 

CUMTlAeKmUHeCKUMU. 
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3aMeTHM, HTO cooTBeTCTBHe Me>Kfly flH(J)(J)epeHn;HajibHbiMH n-^opua- 
MH iia J^M H oncpaTopaMH MoiiJKa.-AMnepa ne rbjirstcr BsauMHO-o^HO- 

3HaHHbIM. /],H4)4)epeHD,HajIbHbie (|)OpMbI, aHHyjIHpyiOLLl,HMCfl Ha JII060M HH- 

TerpajibHOM MHoroo6pa3HH pacnpeflejiennn KapTana, oBpasyroT n^eaji C 
BO BiicmiiCH ajirc6pe fl*{J^M), KOTOpbiii iiasbiBaoTca udeaAOM Kapmaua. 
Hm OTBeHaeT uyjieBoii flH(J)(j3epeHD,HajibHbra onepaTop. 9jieMeHTbi cjsaK- 
Top-ajire6pbi Q.*{J^M)/C no STOMy n^eajiy nasbiBaroTCfl s^^enmueHUMu 

4)0pMaMH. 

/^ajiee mm 6yfleM paccMaTnpnBaTb cjiy^aii Kor^a M — flByMepnoe 
rjia^Koe MHoroo6pa3He. B TepMnnax 3(J)(J)eKTHBHbix (J)opM mo>kho onpe^e- 
jiHTb THn ypaBHeHHa — sjimnvrwiecvjivi, napafiojiHHCCKHH, rHnop6ojiHHe- 
CKHH HJiH nepeMeHHbiii. <l>yHKu,Hfl Pf (lo) € C°° i^J^M^, onpe^ejiaeMaa no- 
ToneHHO paBencTBOM Y'{{uia)^a Afia = '^a ^^a^ HasbiBaeTCfl n^a^^uauoM 
(J)opMbi ui. ypaBiiciiHC Ei_j i-iasbiBaeTCfl zunep6oAUHecKUM, napa6o.iiuHe.CKUM 
HJiH ajiJiunmunecKUM b TOHKe a G J^M, ecjin n(J)a(J)(|)HaH Pf(w) OTpHU,a- 

TejIbHblfl, HyjieBOfl HJIH nOJIOXHTejIbHblfl B STOfl TOHKe. ECJIH n(J)a(J)(J)HaH 

He paBOii iiy.nio b tohkc, to ypaBnciiHC iiasbiBacTca HeeupooK.de.HHUM. One- 
BH^HbiM o6pa30M HOHflTHe THHa pacnpocTpaufleTCfl Ha o6jiacTb. 

B CHJiy HeBbipoxfleHHOCTH CHMnjieKTHHecKofl CTpyKTypbi Ha noflnpo- 
CTpancTBe KapTana C(a), cj;)opM}'jia Xa \uja = A^,^_Xa\ fia: onpe^ejiacT na 
C(a) accou,HHpoBaHHbra c 3(|)4)eKTHBHoii ^H(|)4)epeHu,HajibHoii 2-(|)opMoii u 
jiHHeflHbifl onepaTop A^^. 3flecb Xa € C(a). 3tot onepaTop CHMMeTpHnen 
OTHOCHTejibHO CHMnncKTHHCCKOH CTpyKTypbi, a cro KBa,npaT CKajiapoH H 

+ Pf (w) = 0. 3aMeTHM, hto onepaTopbi A^^ ne o6pa3yK)T nojia sh^o- 
Mop(J)H3MOB na J^M, h6o ohh onpe^ejieHbi xojibKO na noflnpocxpaHCXBax 
KapTana. 

EcjiH B TOHKe a G J^M ncjaacjacjanan cJjopMbi uj ne o6pam,aeTCfl b nyjib, 
TO B neKOTopofl ee OKpecTOCTH stoh tohkh (J)opMy to mo>kho nopMnpo- 
Ba.Tb Ta.K HTo6bi Pf(w) = ±1. B 3T0M cjij'Hae na no^npocTpancBe KapTana 
onpe^ejiena jih6o CTpyKTypa uohth nponsBe^enna {flJiR rHnep6ojiHHecKHx 
ypaBnennii), jih6o KOMnjieKcnaa CTpyKTypa (flJifl sjiJinuTHHecKHX ypaBne- 
nnii). B nepnoM cjiy^ae mw nojiy^acM ^i^na BoniocTBCnnbix, a bo BTOpoM 
— flBa KOMUJieKcnbix 2-Mepnbix pacnpe^ejienna na J^M, KOTopbie 6yfleM 
nasbiBaTb xapaKmepucmuuecKUMU n o6o3naHHTb nepes C_|_ n C_ . 3th pac- 
npe^ejienna KOCoopToronajibHw flpyr flpyry h na Kax^on h3 njiocKOCTen 
C±{a) 2-4)opMa f2a ne BbipojK^ena. 

XapaKTepncTHHecKne pacnpeflejienna nopox^aroT em,e o^no pacnpe- 
flejienne — Bem,ecTBennoe o^noMepnoe pacnpe^ejienne 



l=[C+,C+]{^[C.,C.], 
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TpancBepcajibHoe pacnpe^ejienHio KapTana [B]. 

2. HeBbipo»c/i;eHHbie ypaBHGHHH h HHBapHaHTbi JIanjiaca 

IlyCTb to — HeBbipOJK^eHHafl HOpMHpOBaHHafl SCjjcjjeKTHBHafl ^H(J)(J)epeHLi;H- 

ajibHafl 2-4)opMa na J^M. B KajK^oii tohkb a £ J^M KOMnjieKCH(J)HKaLi,Ha 
KacaTejibHoro npocTpancTBa Ta{J^M) pacna^aeTca b npHMyio cyMMy 

(2.1) Ta{J^Mf = C+{a) ® l{a) ® C_(a). 

06o3HaHHM pacnpe^ejieHHfl C+^l^C- Hepea Pi,P2 h ^3 cooTBeTCTBenHO. 



<I>opMyjia (2.1 1 nopojK^aeT pasjiojKeHne b npsMyro cyMMy KOMnjieKca 
PaMa MHoroo6pa3Hfl J^M, hto no3BOJifleT naiiTH ^HcjscjaepeHiiHajibHbie hh- 
BapnaHTbi ypaBHennfl [3]. 

Onpe^ejiHM TensopHbie nojia (j| : D{J^M)^y.D{J^M)'^ D{J^Mf 
Ha J^M: 

(2.2) ql,{X,Y)^-P,[P,X,PkY]. 

3flecb Pj — npoeKTop na pacnpe^ejieHne Pj, D{J^M) — MO^yjib BexTop- 
Hbix nojieii na J^M . 

Mbi nojiyHaeM Bcero 4 neTpHBHajibHbix TenaopHbix nojia: qi2i 92 3i 
93 3- OcTajibHbie Tensopbi (2.2 1 paBHbi nyjiro. Onpe^ejiHM ^Be ^h^)- 



(J)epeHLi,HajibHbie 2-(J)opMbi xax CBepTKH TenaopoB: 

^+ = (9i,i> 93,2) > = (93,3: 9?,2) • 
3th (|)opMbi Mbi 6y^eM nasbiBaTb (fjopMUMU JIanAaca, nocKOJibKy ohh hb- 
jiHiOTCfl o6o6iri,eHHeM HHBapnaHTOB Jlanjiaca ^jia cjiyHaa jiHHeiiHbix ypaB- 
HeHHH [2]. SaneTHM, hto KJiaccHHecKHe HHBapnaHTbi Jlanjiaca onpe^ejienbi 
TOJibKO fljifl rHnep6ojiHHecKHx ypaBHeHHii. 

<I>opMbi Jlanjiaca nrpaiOT BajKnyio pojib npn pemenHH Bonpoca o koh- 
TaKTHoii jiHHeapH3aLi,HH ypaBHeHHii MoHJKa-AMHepa. Tax, nanpHMep, ecjiH 
o6e 4)opMbi Jlanjiaca nyjieBbie, to ypaBnenne MoHJKa-AMnepa jiOKajibHO 
KOHTaKTHO SKBHBajieHTHO jih6o BOJiHOBOMy ypaBHeHHK) Vxx — Vyy = 0, jih6o 
ypaBHeHHK) Jlanjiaca Vxx + Vyy — (cm. TaKJKe jlOj ). 

B TepMnnax 4)opM Jlanjiaca (JjopMyjinpyeTca pemenne npo6jieMbi 3k- 
BHBajienTHOCTH ypaBnennn MonjKa-AMnepa jinnennbiM ypaBnenniiM BH^a 

O'Vxx + "^bvxy + cVyy + rVx + sVy + kv + w — 

r^e a, 6, c, r, s,k,w — (|)yHKiinH tojibko ot neaaBncHMbix nepeMennbix y 
|4] . B nacTHOCTn, ^jih Taxnx ypaBnennn (J)opMbi Jlanjiaca saMKnyTbi. Ha- 
npnnep, jijiR ypabnenna XanTopa-CaKCTOna 

Vtx = VVxx + Kul, 
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B03HHKaK)iri,ero b Teopnn jkh^khx KpncTajiJiOB, (J)opMbi Jlanjiaca HMeroT 

^1 = -dq2 A dpi, ^2 = 2 (1 - k) dq2 A dpi. 

9to ypaBHenue KOHTaKTHO SKBUBajienTHO jinneiiHOMy ypaBHenHio 9iijiepa- 
IlyaccoHa [8] 

1 2(1- k) 2(1-k) 
Vtx = —7— — ^Vt H — — -Vx - — -2 w- 

K{t + X) K{t + X) {K,{t + X)) 

EcjiH BbinojiHHeTCfl ycjiOBue ^_ = ^_|- = 0, to (J)opMbi Jlanjiaca 
pasjiojKHMbi: ^± = ?7± A "iJzp ^jia nexoTopbix ^H4)4)epeHD,HajibHbix l-4)opM 
V±)'^± G ^^(C±)- PaccMOTpHM cjie^yiomHe l-Mepnbie no^pacnpe^ejiennii 
pacnpeflejieHHH KapTana: X^,^ ~ C± D ker77± h X^^ ^ C± D keri?±. 

/^Jifl ypaBHeHHH o6iri,ero nojiojKenHfl sth pacnpe^ejiennfl pasjiHHHbi. 
9to no3BOJifleT nocTpoHTb e-CTpyKTypy fljiR TaxHx ypaBHeHnii h HaftTH 
nojiHyro cncTeMy hx CKajiapnbix ^H4)4)epeHD;HajibHbix HHBapnaHTOB. 

SaneTHM, hto jijir ypaBHennH MoHJKa-AMnepa, KOHTaxTHO SKBUBa- 

JieHTHblX ypaBHeHHK), JIHHeilHOMy OTHOCHTejIbUO nepBblX npOHSBO^HblX (T.e. 

ypaBHeHHK) BH^a 

aVxx + 2bVxy + CVyy + + SVy + w = 0, 

r^e a,b,c,r, s,w — 4)yHKD,HH ot x,y,v), nocTopennbie l-Mepnbie pacnpe- 
flejienua nonapno coBna^aiOT: = X^j^ h = . 

noflpo6Hoe HSJiojKeHHe reoMeTpnH ypaBHeHnii MoHJKa-AMnepa (h ne 

TOJIbKO ^ByMepHblx!) MOJKHO HaHTH B |4] . 
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06 aMe6e ^HCKpHMMHaHTa ajireSpaHnecKoro ypasHeHHsi 

E.H. MuxajiKUH 

PaccMOTpHM o6iri,ee ajire6paHHecKoe ypasHeHHe n-oii CTenenn 

(1) z" + a;„_iz"-i + ... + a;iz-l = 0. 

Hac 6y^eT HHTepecoBaTb ^HCKpHMHHaHTHoe MHOJKecTBO V = {A = 0} 
ypaBHeHHH ([ij (a^ecb A - ^HCKpHMHHanT SToro ypaBHenHfl). SannmeM 
V, Hcnojibsyfl napaMeTpHsaiiHio Ilaccape-IjHxa [l]: 

k 

(2) ^,(s) = -^(-ij4)"' fc=l,-.-,n-l; seCP„_2, 

(a, s) V {P,s)j 

r^e 

(3) a=(n-l,...,2,l), = (1, 2, . . . , 

- ijejiOHHCJieHHbie BexTopbi, ( , ) - 3HaK CKajiflpHoro npoHSBe^eHHH. 

B cjiyHae, Kor^a ypaBHenne ([TJ co^epjKHT jinnib o^hh napaneTp Xi (b 
3T0M cjiyHae paccMaTpHBaeMoe ypaBHenne HasbiBaeTca TpHHOMnajibHbiM) , 
flHCKpHMHHaHTHoe MHOJKecTBO V npe^CTaBJifleT co6oii neKOTopoe no^MHO- 
>KecTBO TOHeK KOMnjieKCHoii njiocKOCTH C (cm. jl]). Ho ecjiH ypaBHenne ([l| 
co^epjKHT ^Ba napaMBTpa h 6ojiee, to ^HCKpHMHHaHTHoe MHOJKecTBO yflo6- 
HO HCCJie^OBaTb, Hcnojibsyfl aMe6y ^HCKpHMHHanTa (onpe^ejienne aMe6bi 
6biJio ^ano FejibcjjaH^OM-KanpaHOBbiM-SejieBHHCKHM [2]). OTMeTHM, hto 
Kor^a HHTepecyromee nac ypaBHenne co^epjKHT jinnib ^Ba napaMeipa Xj, 
TO aMe6a ^HCKpHMHHaHxa A-^ jiejKHT b . 

B CTaTbe [3] h3 HHTerpajibHoii (J)opMyjibi MejiJinna ^ 6biJio nojiyHeno 
HHTerpajibHoe npe^CTaBJieHne ^jia o^Horo h3 pemeHHii ypaBnenHH ([T]| c 
HHTerpnpoBaHHeM no KOMnaKTy. Bbijia naiifleHa h o6jiacTb cxo^hmocth 
nojiyneHHoro HHTerpajia. A HMenno, ^OKaaana cjie^yromaa 
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Teopema 1. Bemeb aAseSpaunecKou (pyHKVflm zo{x) pemeHUM ypae- 
(1) c ycAoeueM z(0) = 1, donycKaem npedcmaeAeHue e eude uume- 

zpaAa 
zo{x) = 



1 



n-l 



1+-^ / i-^il-t)-"^ [e^lnfl- Ve^-*Xfci^(l-i)"^) 
2mn / L V ^-^ J 

•' k=l 

n-l 

- e-"^ In (l - ^ e-5^"xfci^ {1 - t)"^ 





n-l 

, " dt, 

sde eemeu Aosapucf}Ma onpedcACHU e o6Aacmu npocmpaucmea C"^^ ne- 

peMEHHOZO 

X — {xi, . . . noAyHeuHou ydaAenueM U3 C"^^ deyx ceMeucme kom- 

nABKCHUx sunepnAOCKOcmeu 

{n-l Ti-fc I. ^ 

E Xkt^l-t)^e-i-^^l\, 

tg[0;l] fc=l 

u eu6upammcM ycAoeueM In 1 = 0. 

IlocTaBHM aa^aHy nccjie^OBaTb BsanMHoe pacnojiojKeHne ^hckphmh- 
HaHTHoro MHOJKecTBa V ypaBHeHHfl ([ij h ceMeiicTBa rnnepnjiocKOCTeii S+ 
(S_). PemeHHe aa^aHH 6yfleT 6ojiee narjia^HMM, ecjin nepeiiTH k jiora- 
pH(|)MHHecKOH niKajie 

Log : {xi,X2, ■ ■ ■ ,x„^i) — > {log\xi\,log\x2\, ■ ■ . , /o5|a;„_i |). 
06o3HaHHM Hepes 

n-l 

F±{x;t) = ^ xkt^il - t)'^e±^^^ - 1 

- napy (J)yHKD;Hii, jiHHeiiHbix OTHOCHTejibHO x. 

Hcnojib30BaB napaMeTpHsaiinro (|2j ^HCKpHMnnaHTHoro MHOJKecTBa V 
ypaBHeHHfl ([ij , a TaKJKe napaMeTpH3aD,HK) nyjieboro MHOJKecTBa 4)yHKD,HH 
F±{x;t) 

xi{t) = — Ti e C, 

fln-l'^n-l + • • • + fli Ti 

npH 
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MOJKHO noKasaTb cnpaBe^jiHBOCTb cjie^yiomero yTBepjK^eHHH. 

Teopema 2. Koumyp ajueSu ducKpuMUHanma ypaeneHUM ^ npu 
s £ ^n-i sieAxemcsi ozuSamuneu Sax ccMeucmea aMe6 zunepnAOCKOcmeu 
S-t npu argT; — T;^7r. EoAee moso, e CAyuae n — i dAsi yKosauHozo ccMeu- 
cmea zunepnAOCKOcmeu MeAxemcM ozu6awmeu Koumyp aMe6u ducnpuMU- 
Hauma ypaeneHUM ^ u npu j^f^ > 0. SuaueHusi {a, s), (/3, s) uaxodsimcsi 
U3 paeeucme 

B ^onojiHeHHe k BbimeHSJiojKeHHOMy, b ^OKJia^e 6yfleT npHBe^ena reo- 
MeTpHHecKaa HJiJiiocTpaiiHfl TeopeMbi[2]fljifl ^HCKpHMHHanTa 

A(a;) = 27 + Ax\ - Axl + 18xia;2 - xlxl 

Ky6HHecKoro ypaBHennfl 

(4) + X2Z^ + Xiz-l^Q. 

B flonojiHeHHe k STOMy, pjisi ypaBHennfl b jiorapH(|)MHHecKoii niKajie 

Log : {xi,X2) — * {log\xi\,log\x2\) 
6y^eT Haii^eHO ypaBHenne KpHBoii, KOTopaa cooTBeTCTByeT nepeceHenHio 

^HCKpHMHHaHTHOrO MHOJKeCTBa C KOMnjieKCHblMH npSMblMH S±. OtMBTHM 

HeKOTopbie ee CBoiicTBa: sto neTJia, npoxoflflmaa BOKpyr KacnH^anbHoii 

TOHKH, CHMMeTpHHHaa OTHOCHTejIbHO npSMOH 

u = V, r^e u — log\xi\, v — log\x2\- 
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IIporpaMMa flJia fleMOHCTpaii;HH yHHBepcajiBHbix 
ajiropHTMOB pemeHHii ^HCKpeTHoro ypaBHeHHsi BejiJiMana 
B pasjiHHHbix nojiyKOJiiji];ax[^ 

C.H. Cepseee u A.B. MypKUH 

HasHUHeHue npospuMMu. IIporpaMMa npe^HasHaHena fljiR ^eMoncTpa- 
ri;HH HeKOTopbix yHHBepcajibHbix ajiropHTMOB o6parLi,eHHfl MaTpHri,bi h pe- 
meHHfl ypasHeHHa BejiJiMana b paajiHHHbix nojiyKOJibri,ax. B aaBHCHMOCTH 
OT Bbi6opa nojiyKOJibria, nporpaMMa mojkbt jih6o naiiTH o6paTHyK) Maipn- 
ri;y h peniHTb ypaBHenne Ax — B, r^e A n B - nojibsOBaTejibCKaa Maipn- 
ri;a h BeKTop-CTOJi6eri; cooTBeTCTBenno, jih6o naiiTH MaTpHu,y A* n peniHTb 
ypaBnenHH BejiJiMana x ~ A^ x ^ B Ilepe^ sanycKOM nporpaMMbi nojib- 
30BaTejib Bbi6HpaeT o^no ns nojiyKOJieu;, Tpe6yeMyio sa^zja^y n ajiropnTM 
pacHBTa. 3aTeM ncxo^nbie ^annbie sanocHTCH b MaTpHu,y {jijir narjia^- 
HOCTH MaKCHMajibHbiii pasMBp orpaHHHeH BejiHHHHoii 10x10). PeayjibTaT 
pacHBTa BbiBO^HTCfl jih6o b BH^e MaTpHu;bi, jih6o b BH^e BeKTopa CT0Jl6u,a, 
B saBHCHMOCTH OT nocTaBJieHHOH 3a^aHH. B npou,ecce pa3pa6oTKH npo- 
rpaMMbi Hcnojib30Bajica o6'beKTHO - opnenTHpoBanHbiH no^xo^, no3BOJifl- 
ioru,HH B nojiHoii Mepe Hcnojib30BaTb ynnBepcajibnocTb npe^jio^Kennbix aji- 
ropHTMOB, no^KJiiOHafl B KaHecTBe o6T3eKTOB nojiyKOJibn;a c onpe^ejiennon 
apncjjMeTHKOH, aKTyajibnoii jijir pemennH KonKpeTnoii 3aflaHH. 

IIpuMepu noAynoAev,. Hcnojib30BaHHe n^eMnoTenTHbix onepan,HH ^ 
H no3BOJiaeT 3anHcaTb pa^ Ba>KHbix ajiropnTMOB o6paru,eHHfl MaTpn- 
n,bi B yHHBepcajibHOM BH^e. Bbi6op nojib30BaTejieM Tpe6yeMoro nojiyKOJib- 
n;a onpe^ejiaeT Tnn ^annbix, c KOTopbiMH 6y^eT pa6oTaTb ynnBepcajib- 

Hblii BblHHCJIHTejIbHblH ajirOpHTM. B npOrpaMMB peajIH30BaHa B03M0}K- 

HOCTb Bbi6opa H3 cjie^yK)ru,HX nojiyKOJieri: 

1) = " + " H = " X " - o6biHHafl apH(|)MeTHKa. 

2) = "max" H = " +" - apncJjMeTHKa max-plus, b KOTopoii one- 
pan,Hfl B3flTHfl MaKCHMyMa Hcnojib3yeTCfl BMecTO cjioiKennfl, a cjioiKenne 

- BMecTO yMHOJKenHfl. TaKaa apncjjMeTHKa HacTO Hcnojib3yeTCfl b 3aflaHax 
MaKCHMH3an,HH, CHCTeMax aBTOMaTHHecKoro ynpaBJienna n ^p. 

3) = "min" n = " + " - apncJjMeTHKa min-plus, b KOTOpoii 
onepan,Hfl B3flTHfl MnnnMyMa Hcnojib3yeTCfl bmbcto cjiojKenHfl, a cjio^Kenne 

- BMecTO yMHOJKenHfl. Hcnojib3yeTCfl b 3a^o,aHax naxo^K^enHfl KpaTHaiiniero 
nyTH, saflanax onTHMH3an,HH. 
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4) = "max" H = " X " - apncjjMeTHKa, b KOTopoii BMecTO cjio- 
xeHHii HcnojibsyeTCfl onepaiiHH bshthh MaKCHMyMa. 

5) ^ = "max" H = "min" - apncjjMeTHKa max-min, b KOTopoii 
BMecTO cjiojKeHHfl HcnojibsyeTca onepaiina BSSTHa MaKCHMyMa, BMecTO 
yMHOJKeHHfl - onepaiiHfl bsatha MHHHMyMa. HcnojibayeTca b aa^zjaHax mho- 
roKpHTepnajibHoii onTHMHsaiiHH. 

6) ^ = " or" H = " and" - jiorHHecKaa apncjjMeTHKa Ha^ 6yjieBCKH- 
MH nepeMeHHbiMH. 

KajK^OMy nojiyKOJibiiy b nporpaMMe cooTBeTCTByeT nojibsOBaTejib- 

CKHH THn flaHHblX, Onpe^ejIfleMblH OT^ejIbHblM KJiaCCOM. KpoMe OnHCaHHH 

npaBHJi cjiojKeHHH h yMHOJKeHHfl, BHyTpH KJiacca onpe^ejiaroTca TaKJKe 
BHfl Hyjifl, e^HHHiibi H npaBHJio BSflTHfl onepaiiHH "*". TaKoii no^xo^ ^a- 
eT B03M0>KH0CTb flonojiHflTb nporpaMMy HOBbiMH THnaMH nojiyKOJien,, ne 
MeHflfl CTpyKTypy ochobhoh nporpaMMbi h ne bhoch HHKaKHx HSMeneHHii 
B Ty ee HacTb, KOTopaa sanHMaeTca BbiHHCJiHTejibHbiMH ajiropHTMaMH. 

ynueepcaAbHue aAzopuniMU. B nocjie^nee BpeMfl 6ojibmoe KOJiHHe- 
CTBO pa6oT (nanpHMep, jl]-[5]) nocBflmeno pa3pa6oTKe yHHBepcajibHbix 
BepcHH ajiropHTMOB jiHHeiiHoii ajire6pbi h HHCJienHoro anajinaa. PaccMaT- 
pHBaeMaa nporpaMMa Hcnojib3yeT yHHBepcajibHbie BepcHH pfl^a KJiaccH- 
HecKHx ajiropHTMOB o6pairi,eHHfl MaTpnii, h pemenHH CHCTeM jiHHeiiHbix 
ypaBHeHHH. Ha Bbi6op nojib30BaTejiK) npe^jiaraiOTCfl pa^ ajiropHTMOB, KaK 
TOHHbix, Tax H c Hcnojib30BaHHeM MeTOfla nocjieflOBaTejibHbix npH6jiH>Ke- 
hhh: 

1) MeTOfl HCKJiiOHeHHH no cxeMe Faycca; 

2) MeT0fl OKaiiMJieHHfl; 

3) HTepaLi,H0HHbiii MeTO^ 5Iko6h; 

4) HTepaLi,H0HHbiii MeTO^ Faycca- Sen^ejiH; 

5) AjiropHTMbi jiJiR MaTpHn; cneijHajibHoro BH^a: CHMMeTpHHHbix, Tpe- 
yrojibHbix, TenjiHijeBbix h ^p., b tom HHCJie npe^jiojKenHbie b [4] h [5]. 

B cjiynae Bbi6opa o6biHHoii apncjjMeTHKH sth ajiropHTMbi Be^yT ce- 
6fl KJiaccHHecKHM o6pa30M, o^HaKO ^jifl cjiynaa H^eMnoTenTHoro nojiy- 
KOJibija OHH no3BOJifliOT HaHTH MaTpHiiy A* HJiH peniHTb cooTBeTCTByromee 
ypaBHenne BejiJiMana. JX^r nojiyKOJien, max-plus hjih min-plus ypaBHenne 
BejiJiMana npe^CTaBJiaeT co6oii ocnoBHoe (J)yHKLi;HOHajibHoe ypaBHenne ^h- 
HaMHHecKoro nporpaMMnpoBannfl h BbipaxcaeT npHHiinn onTHMajibHOCTH 
BejiJiMana: ynpaBJienne na xajK^OM mare ^ojijkho 6biTb onTHMajibHbiM c 
TOHKH 3peHHfl npoijecca b ijejiOM. 

BosMootcHocmu eu3yaAU3av,uu. Jlfl-R narjiH^HOro npe^CTaBJiennfl hh- 
cjDopMaiiHH B nporpaMMe 3ajiO}KeHa B03M0}KH0CTb Bn3yajiH3an,nH ncxo^- 
HOH MaTpnn,bi b BH^e rpacjja c cooTBeTCTByroninMn BecaMn. Ha OT^ejibnoii 
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BKJiaflKe flnajioroBoro OKna nporpaMMM OToBpaxaeTca BBefleHHaa nojib- 
soBaTejieM HiicJ)opMaD,Hfl 06 Hcxofliioii MaTpHii,c H pcsyjibTaT cootbctctby- 
lomero pacHBTa. B TaKOM pejKHMe pa6oTbi nporpaMMM, nanpHMep, sa^a^a 
o pemeHHH ypaBHennfl BejiJiMana b nojiyKOJibu;e min-plus By^eT OTo6pa- 
jKaTbCfl KaK KpaTHaflmnii nyTb Mex^y ysjiaMH sa^aHHoro nojibsOBaiejieM 
rpa(i)a. 

McnoAb3oeaHue pasAUUHUx apu^MemuK Bah KowmpoAH moHuocmu. 
IlpHMCiiciiHC npH pa3pa6oTKC nporpaMMM o6t.cktiio opneHTHpoBannoro 
noflxo^a nosBOjraeT ne tojtbko nesaBHCHMO MensTb nojryKOjrbn,a n ajrro- 
pHTMM BMHHCjrennfl, no n ynpaBjrsTb 6a30BbiM TnnoM hhcjtobmx ^annbix 
fljTH KOHTpojra 3a TOHiiocTbio BMHHCjreHHii. B cjre^yioniCH Bepcnn nporpaM- 
MM npe^nojraraeTCfl peajrH30BaTb MexaHH3M Bbi6opa o^noii h3 hhcjtobmx 
apH(J)MeTHK. CpeflH nnx apH(J)MeTHKa n;ejibix nnceji, apH(J)MeTHKa nnceji 
c nuaBaronien tohkoh, ^po6HO-pan;HOHajrbHaa apncjjMeTHKa c Hcnojrb30Ba- 
nneM n,enHbix ^po6eH, b tom hhcjib c KOHTpojrnpyeMoii tohhoctbio. 3to 
no3BOJiHT cpaBHHTb omH6Ky OKpyrjiennfl, naKonjiennyK) b xo^e npnMe- 
nenHH Toro hjth niioro BbiHHCJTHTCjrbiioro ajrropnTMa c omH6KOH caMoro 
MeTOfla (fljra HTepan,HOHHbix ajrropnTMOB) , hto no3BOjrHT cy^HTb 06 nx 

HTOrOBOH 3(J)(J)eKTHBH0CTH. 
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KpHBbie B C^, aMeSbi KOToptix onpeflejisiiOT 
(JayH^aMeHTajibHyio rpynny ^onojineHHii 

PoMUH yjibsepm 

B KJiaccHHecKoii pa6oTe Ban KaMnena [T], npo^ojiJKaromeii nccjie^o- 
BaHHfl MHornx MaTeMaTHKOB, HaHnnaH ot SapnccKoro, 6biJi npe^MBJien 
MeTO^ BbiHHCJieHHfl (jjyH^aMeHTajibHOH rpynnbi ^onojiHenHH k njiocKoii 
KOMnjieKCHOH KpHBoii. PesyjibTaT Ban KaMnena Bnocjie^CTBnn 6biJi nepe- 
(|)opMyjinpoBan B. MoiinieaonoM n M. Taiixep c Hcnojib30BanneM nonHTna 
6p3Hfl-MonoflpoMnn, paccMOTpennoM b [2]. 

/Ja^HM KpaTKoe onncanne roMOMOp4)n3Ma 6p3H^-Mono^poMnn. IlycTb 
ajire6paHnecKafl KpHBaa C aa^ana MnojKecTBOM nyjieii nojinnoMa f(x, y) € 
C[x,y]. By^eM CMOTpeTb na / xax na nojinnoM BeiiepniTpacca: 

/ = ao{y)x'^ + ai{y)x'^~^ H h ad{y). 

06o3nanHM B := C\ A, r^e A — {yi, . . . , y^} — ^ncKpnMnnanT nojinnoMa 
/. Orpannnenne npoeKn,nn {x,y) i~* y na MnojKecTBO E :^ C x B \ C 
onpe^ejiaeT jiOKajibno TpnBnajibnoe paccjioenne p: E B. Bbinncjienne 
(|)ynflaMenTajibnoH rpynnbi 7ri(C^ \ C) CBO^nTCH k Bbinncjiennio rpynnbi 
TTi{E). Bbi6epeM (a;o,yo) G -E n o6o3nanHM nepes F cjioii na^ tohkoh yg. 
Basa H cjioii paccjioennfl p npe^CTaBJiHiOT co6oh ^onojinennfl k KonennbiM 
na6opaM Tonex b C, nosTOMy rpynnbi 7ri(-B, j/o) h ""iI^j^Jo) flBJiaiOTCa 
CBo6o^nbiMH rpynnaMH n Tonnaa nocjie^OBaTejibnocTb paccjioenna 

1 — > TTi{F,xo) — > TTi{E, {xo,yo)) — > TTi{B,yo) — > 1. 

pacmenjifleTCfl, Tax hto rpynna 7ri(i?, (xq, j/o)) ecTb nojiynpHMoe nponsBe- 
^enne rpynn tti{B, j/q) h "'1(^1 ^o)- AeiicTBHe rpynnbi 'Ki{B, j/g) na 7ri(_F, a;o) 
MOJKeT 6biTb onncano b TepMnnax rpynn koc. JX^r SToro cjioii F OTOJK^e- 
CTBnM c ^ncKOM , ns KOTOporo Bbi6pomeno MnojKecTBO K — {xi, . . . , Xd\ 
pasjinnnbix ToneK. KajK^biii sjienenT rpynnbi tti{B, j/q) onpe^ejiaeT 6neK- 
n;HK) MnojKecTBa K, a cjie^OBaTejibno n sjienenT rpynnbi Br^ — Br(Z?, K) 
KOC H3 d nnTeii. TaxnM o6pa30M onpe^ejien roMOMopcjjnsM 7ri(_B,?/o) ~^ 
Br^, nocflninii nasBanne roMOMOp4)n3Ma 6p3H^-MonoflpoMnn. 9tot roMO- 
Mop4)n3M no3BOJiaeT BbinncaTb cooTnomennfl MejK^y o6pa3yiOLLi,nMn rpyn- 
nbi TTi{E,{xo,yo)). 

Ilepexo^ K paccMOTpennio aMe6bi Ac KpnBon C, to ecTb o6pa3a Kpn- 
BOH nofl ^eiicTBneM OTo6pajKenHfl jiorapncj^MnnecKoii npoeKn,nn {x,y) '—^ 
(In |x|,ln CTaBHT Bonpoc o tom, KaKHM o6pa30M 3nanHe aMe6bi mo- 
JKBT noMonb B BbinHCJienHH (jjyn^aMenTajibnoH rpynnbi 7ri(C^ \ C). O60- 
3nanHM nepe3 E^, CBfl3nyK) KOMnonenTy \ Ac nopa^xa v — {i/xji^y)- 
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Onpe^ejienne h CBoiicTBa nopa^Ka v mojkho nauTH b CTaTbe <I>opc6epra- 
Ilaccape-IjHxa [3]- /I-nfl nac cymecTBenHO, hto u;ejibie HHCJia h Vy bm- 
pajKaKDT K034)4)HiiHeHTbi 3aD;enjieHHfl neiejib = {x = e""*"**,?/ = e"} h 
Ty = {x — ,y — e^^**} c KpHBoii C, npn^eM Vj. h Vy ne saBHCflT ot bm- 
6opa TOHKH (u,w) S IlycTb (xo,yo) = (e",e"), r^e {u,v) £ E^. Tor^a 
KJiaccbi neTejib [rjj], \^y] € 7''i(C^ \ C, (a;o,yo)) KOMMyTHpyroT. Bo3HHKa- 
eT Bonpoc, MOJKHO JIH onncaTb (J)yH^aMeHTajibHyio rpynny ^onojiHennfl k 
njiocKoii KpHBoii C, Hcnojibaya b Ka^ecTBe o6pa3yioiri,Hx tojibko KJiaccbi 
neTejib, nojiyHaromuxcH h3 neiejib F^, Ty, r^e v npo6eraeT nopa^KH Bcex 
CBHSHbix KOMnoneHT flonojiHeHHfl K aMe6e kphboh? 

HT06bI OTBeTHTb Ha 3T0T BOnpOC, Mbl flOJIJKHbl BepHyTbCfl K OnHCa- 

HHK) rpynnbi 7ri(C^ \ C) c HcnojibsOBaHneM 6p3iifl-MOHOflpoMHH. Tax xax 
CTapmaa CTenenb, c KOTopoii nepeMeHHaa x bxo^ht b nojinnoM /, paBna 
d, TO HaiifleTCfl xota 6bi o^na CBasHaa KOMnoneHTa h3 \ Ac no- 
pflflKa 57 = {d,Vy). Bbi6epeM (u,v) G -Ej; Tax, HTo6bi w ^ ln|yi| jiJiR Bcex 
?/i H3 ^HCKpHMHHaHTa A nojiHHOMa /. Tor^a ^jih Bcex i g [0, 27r] ^hck 
{In I a; I ^ u, y = e""*"**} co^epjKHT poBHO d Kopneii nojinnoMa /(x, e""*"**). 
Cjie^OBaTejibHO onpe^ejiena Koca h3 d HHTeii, KOTopyro mojkho conocTa- 
BHTb neTJie Ty = {x = e^,y — e"^'*}. OTcro^a bh^ho, hto neTJin F^, Ty 

eCTeCTBeHHbIM 06pa30M CBfl3aHbI C 6p3ii^-MOHO^pOMHeii KpHBOii, TO eCTb 

MoryT npeTen^OBaTb ne TOJibKO na pojib o6pa3yK)iri,HX rpynnbi 7ri(C^ \ C), 
HO H ^abaTb cooTHomeHHfl MejK^y o6pa3yK)ru,HMH. 

B KaHecTBe npocToro npnMepa KpnBoii, (jDyn^aMeHTajibnafl rpynna 
flonojinenHfl KOTopoii onpe^ejiaeTCH aMe6oH, paccMOTpnM ^HCKpHMnnanT 
A[2,3] Ky6HHecKoro ypaBnennfl + z'^ + xz + y = 0. On 3aflaeTCfl nojinno- 
MOM 27y^+4x^+4y—18xy—x^ n npe^CTaBJiaeT co6oh Kacnn^ajibnyro Kpn- 
Byio c HeBbipojK^eHHoii aMe6oH. <I>yHflaMeHTajibHafl rpynna 7ri(C^\A[2, 3]) 

-n(3,0) -n(0,2) 

onncbiBaeTCH c noMonibro neTejib 1 i h 1 i/ ■ bp3Hfl-MOHOflpoMHfl ^aeT 
H30Mop(|)H3M 7ri(C^ \ A[2,3]) = Brs- 
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